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In longitudinal studies involving assessing ordinal disease(s) outcome across multiple 

time points, ignoring the correlations between the development and transition of the disease 

status and any informative potential censoring event(s) may lead to bias in the estimation of 

covariate effects.  

To address the problems created by these dependencies, we propose and apply several models: 

1. Linking the Cause-specific Hazards Model for competing risks analyses with a model for 

longitudinal ordinal measurements through a correlated random effects structure. To do 

this, we apply a 2009 approach by Li et al. (2009), and use this as the baseline model. 

2. Developing a joint longitudinal competing risks survival model in which previous wave 

disease status history is an additional time-varying covariate in the survival component, 

through the same linkage mechanism as in the baseline model. 

3. Applying the same linkage mechanism as in the baseline model, we model the 

longitudinal outcome using a continuous time Markov chain model. 

4. Comparing the application results from applying the baseline approach to those obtained 

using available software. 

To assess the properties of these models and their effectiveness, we conduct simulation 

studies, in which we compare performance (likelihood and covariate parameter estimate 

accuracy) against the baseline model. The Aim 2 model achieves smaller bias in the estimation 

of the intercepts compared to separate model estimates, as well as estimates from the baseline 

approach when the speed of the change of the longitudinal ordinal outcome is appropriately 

estimable. Model 3 achieves more accurate estimates of the baseline transition probabilities and 

covariate effects, compared to the separate models, when the association between two sub-
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models is large.  

To assess the practical effects of these model modifications, we demonstrate the fit of 

these models for estimating measures of frailty (treated as a three-level factor) in the Hispanic 

Established Populations for the Epidemiologic Study of the Elderly data, which is a longitudinal 

survey study to estimate the prevalence of and risk factors for key health conditions in older 

Mexican Americans. Death and loss to follow-up are occurrences with potential to add bias to 

covariate effect estimates. We applied the baseline approach and available software to the 

working data, and covariate estimates and model fit were compared.  
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CHAPTER 1 INTRODUCTION 

1.1 Background of Joint Models of Longitudinal and Survival Outcomes 

In observational studies and clinical trials designed to follow the progression of a health 

condition status longitudinally, patients may drop out due to events unrelated to the end of the 

study. The event can be implicit (with unknown reasons), such as dropout or loss of follow-up 

(LOF), or explicit (with known reasons), such as death. Characterizing the development and 

transition of disease status while simultaneously accounting for mortality or LOF as a potential 

informative outcome is a question of increasing interest to statisticians and clinicians (Asar, 

Ritchie, Kalra, & Diggle, 2015; Hickey, Philipson, Jorgensen, & Kolamunnage-Dona, 2016). In 

particular, if a disease status leads to increased hazard for an event, ignoring the correlations 

between the levels of disease status and that potentially informative censoring event(s) may lead 

to bias in the estimation of covariate effects. Joint statistical models may help account for 

association between these outcomes when bias is a concern. 

The concept of “joint” modeling can be explained as follows. On one hand, when the 

longitudinal model is of primary interest, ignoring the dependence between the development of 

and transitioning of the disease status and the potentially informative censoring event(s) may 

lead to bias in the estimation of covariates effects characterizing the trends in the disease state 

(Elashoff, Li, & Li, 2007, 2008; N. Li, Elashoff, Li, & Saver, 2010). For example, in Li et al.’s 

(2010) study, The NINDS rt-PA trial data was used. The longitudinal outcome, modified Rankin 

scale, was compared between patients with acute ischemic stroke who were treated with re-PA 
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and those who were treated with placebo. Simulation studies showed that the joint models 

performed better than did the separate analysis of estimating the quantities of the longitudinal 

measurements while accounting for possible non-ignorable missing data (death and loss-to-

follow up) caused by the survival failure events. On the other hand, when the survival model is 

the main interest, time-dependent longitudinal disease status and the effect of competing events 

other than the main survival outcome will also affect the validity of the characterization of the 

survival outcome (A. Tsiatis, Degruttola, & Wulfsohn, 1995; A. A. Tsiatis & Davidian, 2001; 

Wulfsohn & Tsiatis, 1997). Tsiatis et al.’s (1995) study investigated survival and CD4 counts in 

patients with AIDS, and the joint model demonstrated that CD4 counts may not serve as a useful 

endpoint for evaluating treatment effects on survival. Recently, a variety of joint models for 

longitudinal measurements and event time data have been proposed to account for non-ignorable 

missing values (Diggle, Sousa, & Chetwynd, 2008; Elashoff et al., 2007, 2008; Henderson, 

Diggle, & Dobson, 2000; Ibrahim, Chu, & Chen, 2010; N. Li et al., 2010; Little, 1995; Murphy 

et al., 2010; Schluchter, 1992; A. Tsiatis et al., 1995; A. A. Tsiatis & Davidian, 2001, 2004; 

Wulfsohn & Tsiatis, 1997). Hickey et al. (Hickey et al., 2016) have given a very detailed review 

on the topic of joint models 

1.1.1 GENERAL METHODS FOR JOINT MODELS 

A joint model typically consists of two sub-models. In our case, one model is of a 

longitudinal (ordinal) outcome, while the other is a model of a (possibly censored) event time 

like death.  

For the longitudinal outcome, the generalized mixed model (GLMM) framework is a 

commonly used approach, since the measurements of different outcomes can be recorded at 
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different times for each individual. Let 𝑌𝑛𝑟 be the longitudinal measurement for the 𝑛th subject at 

the 𝑟th observation (𝑛 = 1, … ,𝑁).  The GLMM is given as 

 ℎ[𝐸(𝑌𝑛𝑟)] = 𝑋𝑛𝑟
𝑇 𝛽 +𝑊𝑛

𝑇𝑏𝑛, (1.1) 

where ℎ(∙) indicates a known link function, 𝑋𝑛𝑟 is the vector of covariates for subject 𝑛, which 

can be time-independent or time-dependent, and 𝑊𝑛 is a vector of predictors for the random effects 

term 𝑏𝑛. 

Cox’s proportional hazards model is a common choice for the time-to-event sub-model. 

The hazard function for subject 𝑛 at time 𝑡 is given by 

 𝜆𝑛(𝑡) = 𝜆0(𝑡)exp(𝑍𝑛(𝑡)
𝑇𝛾 + 𝑣𝑛(𝑡)), (1.2) 

where 𝑍𝑛(𝑡) is the set of (possibly) time-dependent covariates and 𝜆0(𝑡) is the baseline hazard. 

The function 𝑣𝑛(𝑡) denotes random effects or frailty, which captures the association between the 

longitudinal measurement and the event outcome.   

In separate models, each sub-model is fitted individually. However when 𝑏𝑛 and 𝑣𝑛(𝑡) 

are considered jointly, and viewed as being correlated, the above two models are considered as a 

shared effects joint model. We note that here the joint effects are random effects; in the joint 

modeling literature, investigators mainly focus on correlated random effects models (Elashoff et 

al., 2007, 2008; N. Li et al., 2010). 

1.1.2 LONGITUDINAL SUB-MODEL 

Although the most often studied joint models consider only continuous outcomes (Chen, 

Ibrahim, & Chu, 2011; Rizopoulos, 2011), outcomes can also be ordinal or categorical (He & 

Luo, 2016; N. Li et al., 2010; Wang, Douglas, & Anderson, 2002). For ordinal outcomes, joint 
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models have been proposed that include the proportional odds models (He & Luo, 2016; Luo, 

2014), the partial proportional odds model (N. Li et al., 2010), and the cumulative probit model 

(Andrinopoulou, Rizopoulos, Takkenberg, & Lesaffre, 2017). For binary or count outcomes, a 

GLMM longitudinal sub-model is the standard model. Alternately, data may have outcomes with 

a mixed data type. For example, in Riopoulos and Ghosh’s (2011) study, the outcome is a 

mixture of continuous and binary outcomes.  

1.1.3 RANDOM EFFECTS DISTRIBUTIONS 

There are multiple distributions used to generate random effects in the longitudinal sub-

model of a joint model. The normal distribution is the standard choice for random effects. 

Simulations have been reported that generate data using uniform or gamma distribution (N.-S. 

Tang, Tang, & Pan, 2014), bimodal normal mixture distribution (Song, Davidian, & Tsiatis, 

2002), a three-component normal mixture distribution (Rizopoulos & Ghosh, 2011), and a 

centered Dirichlet process prior to specify the random effects distribution (A. M. Tang & Tang, 

2015). Bayesian approaches have  also been applied in generating random effects (Rizopoulos & 

Ghosh, 2011; A. M. Tang & Tang, 2015); in this case, the random effect is drawn from an 

independently and identically distributed unknown density distribution, which is modeled by the 

Dirichlet prior.    

1.1.4 TIME-TO-EVENT SUB-MODEL 

Commonly, the time-to-event sub-models focus on a continuous event time. If a subject 

does not experience the event of interest, then this subject is right-censored at the end of study 

period. In practice, competing risks data have also been modeled in the joint model setting (N. Li 
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et al., 2010; Luo, 2014).  

Competing risks models allow that subjects may fail due to more than one cause (Klein & 

Moeschberger, 2005). For instance, in a study in which the primary outcomes is time to 

transplant, death may serve as a competing event. A subject who is lost of follow-up or 

experiences a competing event is no longer at risk of death.    

There is an extensive literature investigating parametric survival models, including 

Weibull (Baghfalaki, Ganjali, & Berridge, 2014; Proust‐Lima, Dartigues, & Jacqmin‐Gadda, 

2016), exponential (Ghisletta, 2008; Guedj, Thiébaut, & Commenges, 2011), and log-normal 

(Luo, 2014; Pantazis, Touloumi, Walker, & Babiker, 2005) models. The Cox proportional hazard 

model is another popular approach to modeling time-to-event sub-models, because of its semi-

parametric assumptions (Ibrahim, Chen, & Sinha, 2004; Luo & Wang, 2014; Rizopoulos & 

Ghosh, 2011). 

1.1.5 JOINT TECHNIQUE 

The fundamental task in joint modelling is specifying the association between the 

longitudinal sub-model and the time-to-event sub-model. In Hickey et al.’s (2016) study, a 

summary table of different joint techniques is given. Generally, two sub-models can be 

associated through shared random effects (He & Luo, 2016; Luo, 2014; Rizopoulos & Ghosh, 

2011), correlated random effects (N. Li et al., 2010), generalized random effects and fixed 

effects (Jaffa, Gebregziabher & Jaffa, 2014; Jaffa, Woolson & Lipsitz, 2011), time dependent 

slopes (Andrinopoulou et al., 2017), and an interaction term (Lin, McCulloch & Mayne, 2002). 

Correlated random effects assumes that random effects from two sub-models are correlated 

rather than the same, which may better capture the variance for each subject in each sub-model. 
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1.1.6 CURRENTLY AVAILABLE SOFTWARE 

Development of statistical software to achieve the perform joint modeling has been slow 

(Lawrence Gould et al., 2015). In R there are the packages JM (available from CRAN at 

http://CRAN.R-project.org/package=JM), joineR (available from CRAN at https://cran.r-

project.org/web/packages/joineR/), lcmm (available from CRAN at https://cran.r-

project.org/web/packages/lcmm/), and JMbayes (available from CRAN at https://cran.r-

project.org/web/packages/JMbayes/). In SAS, there are Macro %JM (available from 

http://www.jm-macro.com/), and Macro %JMFit (Zhang et al., 2014). The website %JM Macro 

Website (http://www.jm-macro.com/) and the review by Hickey et al. (Hickey et al., 2016) have 

described this topic thoroughly, including descriptions of all available software packages in R, 

SAS, STATA, WinBUGS, FORTRAN, and others. However, there are some limitations to the 

software. First, the longitudinal outcomes for all of these software are continuous rather than 

ordinal. Second, some of them do not account for the correlation between other survival 

outcomes, i.e., do not allow for competing risks. For joint modeling using the Markov chain 

approach, there is no accessible software, as far as we know. 

1.2 Background of the HEPESE Data 

The working data in this study is derived from the Hispanic Established Population for 

the Epidemiological Study of the Elderly (HEPESE), a longitudinal study of Mexican Americans 

aged 65 and older residing in Texas, New Mexico, Colorado, Arizona, and California (National 

Archive of Computerized Data on Aging Analyze Data Online, 2016).  This study provides a full 

picture of all key health conditions, such as demographic characteristics, potential risk factors for 

http://cran.r-project.org/package=JM
https://cran.r-project.org/web/packages/joineR/
https://cran.r-project.org/web/packages/joineR/
https://cran.r-project.org/web/packages/lcmm/
https://cran.r-project.org/web/packages/lcmm/
https://cran.r-project.org/web/packages/JMbayes/)
https://cran.r-project.org/web/packages/JMbayes/)
https://cran.r-project.org/web/packages/JMbayes/)
https://cran.r-project.org/web/packages/JMbayes/)
http://www.jm-macro.com/
http://www.jm-macro.com/
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morbidity and mortality, mental health status, and functional impairments. There have been 8 

waves of assessment since the first wave was conducted in 1993. In our study, we included 

interviews based on 4 waves: Wave 2, Wave 3, Wave 4, and Wave 5. Wave 2 is the frailty 

baseline wave. 

The frailty condition of a subject at each wave was recorded as being one of the 

following states: not frail, pre-frail and frail. All subjects have been followed until either the end 

of wave 5, death, or LOF occurred. As a result, in our study frailty states are measured 

longitudinally, once per wave, and characterized as belonging to one of the three levels.  

1.2.1 FRAILTY 

Frailty is a highly prevalent geriatric syndrome in aging populations (Bergman et al., 

2007; Fried, Ferrucci, Darer, Williamson, & Anderson, 2004; Fried et al., 2001; Gill, Gahbauer, 

Allore, & Han, 2006; Ottenbacher et al., 2009; Ottenbacher et al., 2005). Generally, frailty is 

linked to a high risk of adverse health conditions such as mortality, falls, and hospitalization  

(Fried et al., 2001). With the increasing size of the older Hispanic population in the United States 

(Colby & Ortman, 2015; Ortman, Velkoff, & Hogan, 2014), it has become increasingly 

important to study frailty in the elder Hispanic population, particularly as this population also has 

higher rates of diabetes, obesity, disability, and lower physical activity levels as compared to 

general population (Graham et al., 2009; Ottenbacher et al., 2009).  

In addition to studying the progression towards frailty, Gill, et al. (Gill et al., 2006; Gill, 

Gahbauer, Han, & Allore, 2011) proposed that the study of the transition from frail to not frail 

may need to be carefully considered when studying the treatment of or interventions to postpone 

the symptom of frailty, because of the dynamic nature of frailty. In Gill et al.’s prospective 
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cohort study, 11.9% of subjects who were at the pre-frail state at baseline transitioned to the not 

frail state at the 18 months interval. Twenty-three percent of subjects who were at the frail state 

at baseline were able to be recover to the pre-frail state at the 18 month interval. Their studies 

also showed that hospitalization had a more modest and less consistent effect on transition from 

states of lesser frailty to greater frailty. Nonetheless, transitions from not frail to frail states were 

uncommon in the absence of a hospitalization, which suggested that recovery from pre-frail and 

frail states could be substantially diminished by intervening hospitalizations.  

In our study, a frailty index was generated and modified based on the definitions in the 

study by Fried et al.(Fried et al., 2001). The measure is characterized by shrinking, weakness, 

exhaustion, slowness, and low physical activity (Al Snih et al., 2009). Subjects were considered 

to be frail were 3 or more of these components were present. Subjects were considered to be pre-

frail if 1 or 2 components were present. Subjects were considered “robust”, or not frail, if there 

no components were found to be present.  

1.3 Outline of the Dissertation 

The remainder of this dissertation is organized as follows. 

In Chapter 2, we apply a joint model linking the Cause-specific Hazards Model for 

competing risks analysis with a model for longitudinal ordinal measurements, through a joint 

random effects structure to analyze frailty development in an elderly Hispanic population. This 

model was proposed in Li, et al. (2010) and is set as the baseline approach.  

In Chapter 3, we develop a last value carried forward joint model, which is a joint 

longitudinal competing risks survival model in which previous wave disease status is a time-
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varying covariate in the survival component. We describe results from several simulation studies, 

along with results from the application to the HEPESE data. 

In Chapter 4, we apply the same linkage mechanism as in the joint model from Chapter 2, 

while adding prior disease status as a predictor of frailty, using a continuous time Markov chain 

model. Numerical simulation studies are included.  

In Chapter 5, the results of baseline approach are compared to those obtained using 

available software.  

Finally in Chapter 6, we offer some potential areas for future study. 
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CHAPTER 2 A BASELINE JOINT MODELING APPROACH 

2.1 Description of the Baseline Approach 

The aim of this chapter is to apply the joint longitudinal survival model, linking the 

Cause-specific Hazards Model for competing risks analysis with the model for longitudinal 

ordinal measurements developed by Li et al. (2010) in characterizing frailty in the HEPESE data.  

Elashoff et al. (2007, 2008) proposed a joint model linking two sub-models: a general 

mixed effects model for longitudinal measurements and a cause-specific hazard model for 

survival events. Li et al. (2010) extended this joint model to the longitudinal ordinal 

measurement setting with competing risks analysis in which death and LOF are treated as the 

competing risks, analyzed with the cause-specific hazard model. These two sub-models typically 

share a jointly multivariate normal random effects term to capture variability within subjects. 

Disease progression is considered to be unidirectional, which makes the model amenable to a 

survival analysis approach. In this method, longitudinal outcomes are analyzed using a partial 

proportional odds model. This type of model focuses on the relationship among disease states at 

the various follow-up time points. 

In our analysis, frailty is the longitudinal ordinal measurement with three levels: no 

frailty, pre-frail, and frail. Frailty status was recorded at each wave. Death and LOF are 

competing risks in the survival component. The joint model combines two sub-models, ordinal 

longitudinal measurement and survival results. For the longitudinal ordinal measurement, a 

partial proportional odds model is used (Godil, DeGuzman, Schilling, Khan, & Chen). One 

assumption underlying the proportional odds model is that the relationship between each pair of 
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outcome groups is the same. In other words, the coefficients that describe the relationship 

between, say, the lowest versus all higher categories of the response variable are the same as 

those that describe the relationship between the next lowest category and all higher categories. In 

the partial proportional odds model, some variables are treated as satisfying the proportional 

odds assumption, while other are not. Let 𝑌𝑛𝑟 be the ordinal response value for the 𝑛th subjects 

at the 𝑟th observation; 𝑌𝑛𝑟 can take a value between 1 to 𝐾 level. In our dataset,𝐾 = 3, 𝑟 = 1,

2, 3, 4, and 𝑛 = 1,2, … ,𝑁, where 𝑁 is the sample size. The 𝑚1×1 vector 𝑋𝑛𝑟
(1)

 contains baseline 

covariates that meet the proportional odds assumption in the partial proportional odds model. 

Additionally, X̃𝑛𝑟 is a 𝑚2×1 vector of baseline covariates that do not meet proportional odds 

assumption. The 𝑚3×1 vector of predictors for the random effects is denoted as 𝑊𝑛. Let 𝜋𝑛𝑟(𝑘) 

be the probability of 𝑌𝑛𝑟 ≤ 𝑘 given 𝑋𝑛𝑟
(1)

, X̃𝑛𝑟, and 𝑊𝑛.  We have that       

 

𝜋𝑛𝑟(𝑘) 

= 𝑃(𝑌𝑛𝑟 ≤ 𝑘|𝑋𝑛𝑟
(1)
, X̃𝑛𝑟 ,𝑊𝑛𝑟 , 𝜃

(1), 𝛽(1), β̃, 𝑏𝑛) 

=
1

1+exp(−𝜃
𝑘
(1)

−𝑋𝑛𝑟
(1)𝑇

𝛽(1)−X̃𝑛𝑟
𝑇
β̃−𝑊𝑛𝑟

𝑇 𝑏𝑛)
, 

(2.1) 

where 𝑘 = 1,2, … , 𝐾 − 1. 𝜃(1) = (𝜃1
(1)
, … , 𝜃(𝑘−1)

(1)
)𝑇 are a set of intercepts. 𝛽(1) =

(𝛽1
(1)
, … , 𝛽𝑚1

(1)
)𝑇 and β̃ = (β̃1, … , β̃𝑚2

)𝑇 are the covariate coefficients for the covariates that meet 

the proportional odds assumptions and those that don’t meet the assumptions, respectively. The 

random effects vector for subject 𝑛, given as 𝑏𝑛, follows a normal distribution 𝑁𝑚3
(0, Σ𝑏). Then 

the cumulative logistic model for class k can be written as 
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 𝑃(𝑌𝑛𝑟 = 𝑘) = 𝑃(𝑌𝑛𝑟 ≤ 𝑘) − 𝑃(𝑌𝑛𝑟 ≤ 𝑘 − 1) = 𝜋𝑛𝑟(𝑘) − 𝜋𝑛𝑟(𝑘 − 1) (2.2) 

For the time-to-event sub-model with competing risks, a proportional cause-specific 

hazards model is used. We denote the time of survival for subject 𝑛 as 𝐶𝑛 = (𝑇𝑛, 𝐷𝑛), where 𝑇𝑛 

is the failure time or censoring time, and 𝐷𝑛 in {0, 1, 2, … , 𝑔} is the type of failure or censoring.  

The censoring event is denoted as 𝐷𝑛 = 0, while 𝐷𝑛 = 𝑑 > 0 indicates the subjects 𝑛 fails from 

the 𝑑th type of failure. The cause-specific hazards sub-model is given as 

 𝜆𝑑(𝑡; 𝑍𝑛(𝑡), 𝛾, 𝜈, 𝑢𝑛) 

= 𝑙𝑖𝑚
Δ𝑡→0

𝑃(𝑡 ≤ 𝑇𝑛 < 𝑡 + Δ𝑡, 𝐷𝑛 = 𝑑|𝑇𝑛 ≥ 𝑡, 𝑍𝑛(𝑡), 𝛾, 𝜈, 𝑢𝑛)

Δ𝑡
 

= 𝜆0𝑑(𝑡)exp(𝑍𝑛(𝑡)
𝑇𝛾𝑑 + 𝜈𝑑𝑢𝑛), 

(2.3) 

where 𝜆𝑑(𝑡; 𝑍𝑛(𝑡), 𝛾, 𝜈, 𝑢𝑛) is the hazard rate of subject 𝑛 at time 𝑡 given 𝑍𝑛(𝑡), 𝑍𝑛(𝑡) is the 

𝑚4 × 1 time-dependent covariate vectors, 𝛾𝑑 is the covariate coefficient for each failure type. 𝜈𝑑 

is a set of predictors for the random effects 𝑢𝑛, under failure type 𝑑. The baseline hazard 

function for risk 𝑑,𝜆0𝑑(𝑡), is unspecified when proportional hazards are assumed.  

The random effect 𝑏𝑛 in (2.1) can be interpreted as capturing the variance component for 

subject 𝑛 across the follow-up time period. In (2.3), the random effect 𝑢𝑛 captures the within-

subject variation among different failure types for the same subject 𝑛. The sub-models in (2.1) 

and (2.3) are linked by the assumption that these two random effects share a multivariate normal 

distribution: 

𝑎𝑛 = (
𝑏𝑛
𝑢𝑛
)~𝑁 ((

0
0
) , (

Σ𝑏𝑏 Σ𝑏𝑢
𝑇

Σ𝑏𝑢 Σ𝑢𝑢
)). 
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Next we formulate the joint likelihood for the component sub-models. Let Ψ =

(𝜃(1), 𝛽(1), … ) indicate all parameters in (2.1) and (2.3), 𝑌𝑛 = (𝑌𝑛1, … , 𝑌𝑛𝑁𝑛)
𝑇, 𝑌 = (𝑌1, … , 𝑌𝑛)

𝑇, 

𝐶 = (𝐶1, 𝐷1, … , 𝐶𝑁 , 𝐷𝑁)
𝑇.  We have the observed data likelihood function for Ψ: 

 
𝐿(Ψ; 𝑌, 𝐶) ∝ ∏

𝑛=1

𝑁

𝑓(𝑌𝑛, 𝐶𝑛|Ψ) 

= ∏
𝑛=1

𝑁

∫
𝑎
𝑓(𝑌𝑛|𝐶𝑛, 𝑎, Ψ)𝑓(𝐶𝑛|𝑎,Ψ)𝑓(𝑎|Ψ)𝑑𝑎  

= ∏
𝑛=1

𝑁

∫
𝑎
𝑓(𝑌𝑛|𝑎, Ψ)𝑓(𝐶𝑛|𝑎,Ψ)𝑓(𝑎|Ψ)𝑑𝑎  

= ∏
𝑛=1

𝑁

∫
𝑎
[ ∏
𝑟=1

𝑁𝑛

∏
𝑘=1

𝐾

{𝜋𝑛𝑟(𝑘) − 𝜋𝑛𝑟(𝑘 − 1)}𝐼(𝑌𝑛𝑟=𝑘)]{ ∏
𝑑=1

𝑔

𝜆𝑑(𝑡; 𝑍𝑛(𝑡), 𝛾𝑑, 𝜈𝑑, 𝑢𝑛)
𝐼(𝐷𝑛=𝑑)}  

× exp[−∫ {∑ 𝜆𝑑(𝑡; 𝑍𝑛(𝑡), 𝛾𝑘, 𝜈𝑘, 𝑢𝑛)
𝑔
𝑑=1 }

𝑇𝑛

0
𝑑𝑡]

1

√(2𝜋)𝑚3+1|Σ|
exp (−

1

2
𝑎𝑇Σ−1𝑎)𝑑𝑎 ,       

(2.4) 

where 𝐼() is the indicator function. 

Using this likelihood, we can outline an approach for estimation and inference. The 

observed data likelihood function is computationally difficult to maximize because of the 

integration with respect to the random effects, 𝑎. As a result, Li et al. (2008) maximize the 

complete-data likelihood conditional on the random effects: 

 𝐿(Ψ; 𝑌, 𝐶, 𝑎) 

∝ ∏
𝑛=1

𝑁

[ ∏
𝑟=1

𝑁𝑛

∏
𝑘=1

𝐾

{𝜋𝑛𝑟(𝑘) − 𝜋𝑛𝑟(𝑘 − 1)}𝐼(𝑌𝑛𝑟=𝑘)] { ∏
𝑑=1

𝑔

𝜆𝑑(𝑡; 𝑍𝑛(𝑡), 𝛾𝑑, 𝜈𝑑, 𝑢𝑛)
𝐼(𝐷𝑛=𝑑)} 

(2.5) 
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× exp[−∫ {∑ 𝜆𝑑(𝑡; 𝑍𝑛(𝑡), 𝛾𝑘, 𝜈𝑘, 𝑢𝑛)
𝑔
𝑑=1 }𝑑𝑡]

𝑇𝑛

0

1

√(2𝜋)𝑚3+1|Σ|
exp(−

1

2
𝑎𝑛
𝑇Σ−1𝑎𝑛) .                 

An EM algorithm was used in the maximization and the details can be found in Li et al.’s (2010) 

manuscript. The algorithm was implemented in C, and we adapted that code in this aim to obtain 

the estimates of the covariate coefficients for our dataset. 

2.2 Description of the HEPESE Data 

The Hispanic Established Population for the Epidemiological Study of the Elderly 

(HEPESE) is an ongoing longitudinal study of Mexican Americans aged 65 and older residing in 

Texas, New Mexico, Colorado, Arizona, and California (National Archive of Computerized Data 

on Aging Analyze Data Online, 2016), where over 90% of older Mexican Americans reside. This 

study provides a full picture of all key health factors, such as demographic characteristics, 

potential risk factors for morbidity and mortality, such as mental health status, and functional 

impairments. This is a survey study with a complex multi-stage sample design proposed and 

conducted by Dr. Kyriakos Markides’ team (National Archive of Computerized Data on Aging 

Analyze Data Online, 2016). 

The original sample, wave 1, contained 3,050 subjects. They were interviewed and 

examined at their own homes by trained interviewers between 1993 and 1994. The participants 

were then interviewed and assessed every subsequent 2 to 5 years. Starting at wave 2, 

participants were either re-interviewed, classified as dead, or lost of follow-up (LOF). Death of 

subjects was confirmed and updated by a National Death Index search. LOF of subjects was 

noted as refused, moved to Mexico, or unable to locate at the beginning of each wave. The most 



15 

 

recent complete wave of HEPESE (wave 8) was conducted in 2012-2013. 

Over 250 manuscripts have been published from the HEPESE, as well as book chapters 

and theses and dissertations. The key findings relate to almost all domain areas in gerontological 

study such as physical function and frailty, cognitive function, and institutionalization. Data can 

be accessed on The National Archive of Computerized Data on Aging, and a detailed description 

of the study can also be found on their website. 

2.2.1 FRAILTY MEASUREMENT 

Frailty is a highly prevalent geriatric syndrome in aging populations (Fried et al., 2001; 

Fried et al., 2004; Ottenbacher et al., 2005; Gill et al., 2006; Bergman et al., 2007; Graham et 

al., 2009; Masel et al., 2009). Based on the most widely cited frailty assessment (Fried et al., 

2001), frailty can be categorized into three levels: no frailty, pre-frail and frail. Bandeen-Roche 

et al. reported that 15% of people older than 65 years old were frail, and 45% were pre-frail 

nationwide (2015).  Generally, frailty is associated with a high risk of adverse health conditions 

such as mortality, falls, and hospitalization (Fried et al., 2001). With the growing size of the 

older Hispanic population in United States (Ortman et al., 2014; Colby and Ortman, 2015), it is 

becoming increasingly important to study frailty in the elder Hispanic population, particularly as 

this population also has higher rates of diabetes, obesity, disability, and lower physical activity 

levels compared to general population in the U.S.. (Markides and Coreil, 1986; Graham et al., 

2009; Masel et al., 2009; Ottenbacher et al., 2009). 

The HEPESE cohort data from waves 2 to wave 5 was used in this study. The frailty 

baseline wave is study wave 2 from 1995-1996. Participants interviewed via proxy were 
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excluded in each wave for analysis because the information may not be reliable. The frailty 

condition of a subject at each wave during which they were alive and interviewed was recorded 

as being one of the following states: not frail, pre-frail or frailty. 

The frailty index used in this study was created as a modified version of Fried’s frailty 

assessment (Fried et al., 2001). This modified version contains four domains: shrinking, 

weakness, exhaustion, and slowness. These items were measured at each wave starting at wave 

2. As a result, in our study frailty states are measured longitudinally, once per wave, and 

characterized as belonging to one of the three levels. Subjects with a positive answers on none of 

these domains are considered not frail. Participants with 1 positive answer are considered pre-

frail, and those with 2 or more positive answers are considered frail.  

The differences between our modified frailty index version and Fried’s version are as 

follows. First, we only include four domains (shown in Table 2.1) instead of five since we do not 

have physical activity level at waves 3, 4, and 5. Secondly, the “slowness” test in our study was 

of length 12 feet instead of 15 feet. Table 1 shows the criterion and definition for each frailty 

domain.  

In more than 10 years of follow-up, 43% of subjects died, and 25% of subjects were LOF 

(Ottenbacher et al., 2009). In our study, death or LOF are considered (not necessarily 

independent) competing risks. These two events do not only block the occurrence of change of 

frailty states but are also potentially correlated with each other, and with changes in frailty. As 

discussed in the introduction, we should not ignore the competing events since subjects who 

were dead or LOF for disease-related reasons during follow up may be sicker; as a result, bias 
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might be introduced into the estimation of factors affecting the probability of changes in frailty.  
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Table 2.1  Frailty index measurements in the HEPESE questionnaire 

Domain Questions in questionnaire Definition 

Shrinking Now let's get your weight. Weight (to nearest pound) Unintentional weight loss 

> 10 pounds between two 

waves 

Weakness I'd like you to place the arm that you think is stronger 

on the table with your palm facing up. Grab the 

handles using an underhand grip. I will ask you to do 

this two times. If you feel any pain or discomfort, tell 

me and we will stop (SCORE AS 

"UNABLE/DISCONTINUED").  

Trial 1 

Trial 2  

INTERVIEWER: RECORD GRIP SCALE FROM 

THE HANDLE  

 

Now we'd like to get your height and weight. 

Height (to nearest quarter-inch)  

Now let's get your weight. Weight (to nearest pound) 

Created variable Body Mass Index (weight kg/height 

cm2 )/100  

Lowest 20% in grip 

strength [adjusted by 

gender and BMI (Kg/m2)] 

 

Men 

Strength ≤ 20.7 for BMI ≤ 

24.0 

Strength ≤ 24.0 for BMI 

24.0 - 26.7 

Strength ≤ 25.4 for BMI 

26.7 – 29.3 

Strength ≤ 26.0 for BMI > 

29.3 

 

Women 

Strength ≤ 13.0 Kg for 

BMI ≤ 24.5 

Strength ≤ 14.0 Kg for 

BMI 24.5 – 28.1 

Strength ≤ 15.0 Kg for 

BMI 28.1 – 32.1 

Strength ≤ 15.0 Kg for 

BMI > 32.1 
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Exhaustion I felt that everything I did was an effort  

(1) Rarely/none of the time  

(2) Some/a little of the time 

(Godil et al.) Occasionally/moderate amount of time 

(4) Most/all of the time 

(.) Missing/not sure  

I could not get going  

(1) Rarely/none of the time  

(2) Some/a little of the time  

(Godil et al.) Occasionally/moderate amount of time  

(4) Most/all of the time  

(.) Missing/not sure  

Self-report positive 

answer from either of two 

question on Center for 

Epidemiologic Studies 

Depression (CES-D) 

Scale: I felt that 

everything I did was an 

effort, I could not get 

going 

 

Subject answering (Godil 

et al.) or (4) for either of 

the question was 

categorized exhaustion. 

Slowness This time I would like you to walk down and back as 

fast as it feels safe and comfortable for you. 

Completed:  

(1) Yes  

(2) No  

(9) Refused  

Seconds to complete? 

  
Height (to nearest quarter-inch) 

Slowest 20% of walking 

time from 4.87-m walk 

test adjusted by gender 

and height (Barton et al.) 

 

Men  

Time ≥ 12.1 seconds for 

height ≤ 167.1 cm  

Time ≥ 9.9 seconds for 

height > 167.1 cm  

Women  

Time ≥ 13.5 seconds for 

height ≤ 153.7 cm  

Time ≥ 12.0 seconds for 

height > 153.7 cm  
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2.2.2 COVARIATES 

Sociodemographic covariates considered in this study are age, gender, education (highest 

grade of school completed), marital status, and BMI. Self-reported health conditions are stroke 

history, hypertension history, and diabetes history. All these variables were measured at the 

frailty baseline wave. Table 2.2 is a description of the questions from the HEPESE questionnaire. 

Table 2.2  Covariates questions in the HEPESE questionnaire 

Covariates Questions in questionnaire Adjustment in the 

statistical model 

Age Age: in Years Continuous variable 

Gender Respondent's Gender  

(1) Male   

(2) Female 

Categorical variable 

Education (highest grade 

of school completed) 

What is the highest grade or year of regular 

school that you have completed 

(00) None  

(01)  

(02)  

(03)  

(04)  

(05)  

(06)  

(07)  

(08)  

(09) 

(10)  

(11)  

(12) High School Graduate/GED equivalent  

(13)  

(14)  

(15) 

(16) College Graduate - 4 Year  

(17) Any Graduate Education  

(18) Ph.D. 

(20)  

Continuous variable 
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(36) Missing 

Marital status Are you married, separated, divorced, 

widowed, or never married? 

(INCLUDE COMMON LAW 

MARRIAGES UNDER MARRIED)  

(1) Married  

(2) Separated  

(Godil et al.) Divorced  

(4) Widowed  

(5) Never married  

(9) Refused  

Categorical variable: 

Yes: married, 

separated; 

No: divorced, 

widowed, never 

married; 

Missing: missing, 

refused 

BMI Created variable Body Mass Index Continuous variable 

Stroke history Did a doctor ever tell you that you had a 

stroke, a blood clot in the brain, or brain 

hemorrhage? 

(1) Yes  

(2) Suspect or possible  

(Godil et al.) No  

(8) Don’t know 

Categorical variable 

Hypertension history Has a doctor ever told you that you have 

high blood pressure? 

(1) Yes  

(2) Suspect or possible  

(Godil et al.) No  

(8) Don’t know 

Categorical variable 

Diabetes history Have you ever been told by a doctor that you 

have diabetes, sugar in your urine or high 

blood sugar?  

(1) Yes, definite  

(2) Yes, borderline 

(Godil et al.) No  

(8) Don’t know  

(9) Refused  

(.) Missing 

Categorical variable 
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In the analyses, age, education, and BMI were considered as continuous variables. 

Gender, marital status, stroke history, hypertension history, and diabetes history were treated as 

categorical variables.  

2.3 Data Preparation 

There are 2,438 subjects at the baseline wave (wave 2) in the raw data, 2,024 subjects at 

wave 3, 1,682 subjects at wave 4, and 1,167 subjects at wave 5.  

We treated proxy, assisted proxy, refused, and LOF subjects as subjects with missing 

frailty index because of the inaccuracy of the frailty measurement given by proxies. Table 2.3 

shows the distribution of proxy, assisted proxy, refused, and LOF subjects at each wave. In 

Wave 3, we assessed 329 subjects as missing frailty index. In Waves 4 and 5 respectively, 416 

and 475 subjects were treated as missing frailty index. 

Table 2.3  Subjects’ interview status change from previous wave 

N (%) Wave 2 Wave 3 Wave 4 Wave 5 

 2,438    

Status (From previous wave)     

Interviewed 2164 (88.76) 1644 (67.43) 1401 (57.47) 908 (37.24) 

Proxy, Assisted 129 (5.29) 116 (4.76) 104 (4.27) 106 (4.35) 

Proxy, True 143 (5.87) 137 (5.62) 90 (3.69) 90 (3.69) 

Deceased  369 (15.14) 617 (25.31) 1055 (43.27) 

Refused  75 (3.08) 96 (3.94) 109 (4.47) 

LOF 2 (0.08) 1 (0.05) 126 (5.17) 170 (6.94) 

 

At the baseline wave 781 (32%) subjects had body mass index (BMI) information, while 

1657 (68%) did not. For the 1657, we calculated BMI based on their height and weight 
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information obtained from wave 1 data. For the rest of 167 subjects who were still miss their 

BMI information, we used the mean of the available BMI data for all subjects to substitute for 

the missing value. Four hundred and fourteen subjects were deleted from the baseline sample 

because they had missing frailty index across all four waves. One subject was less than 65 years 

old when interviewed at baseline, so we deleted this subject. Sample size is reduced from 2,024 

to 2,023. For covariates, if marital status is unknown (2/2023), stroke history is suspect or 

possible, or don’t know (12/2023), hypertension history is suspect or possible, or don’t know 

(20/2023), diabetes history is suspect or possible or don’t know (6/2023), born in US is missing 

(1/2023), then the subjects were deleted. The overall sample size was reduced from 2023 to 

1983. Since wave 2 is our baseline wave, we deleted subjects who were missing a frailty index 

measure to ensure that we have full information at baseline wave. Sample size thus reduced from 

1983 to 1823. Figure 2.1 is the flow chart for the cohort selection.  
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Figure 2.1  Study sample flow chart 

 

In this study the exact time of death was recorded. LOF subjects were subjects who were 

LOF during the study period (wave 2 – wave 5); for this cohort, we did not change LOF status if 

the subject reappeared at a later wave. Since it was not clear at which point in the wave a sample 

was considered lost, LOF time was set as the latest interview date before the missing frailty 

index. For example, if a subject was interviewed at the baseline wave and wave 3, but was 

missing at wave 4 and wave 5, then the LOF time is the interview date at wave 3. If this date is 

missing, we went to the original wave 3 dataset and assigned the last interview date for all of 
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wave 3 as the subject’s wave 3 interview date. Subjects who had non-missing frailty index at 

wave 5 were treated as censored subjects. 

2.4 Results 

Baseline Covariates Analyses 

We can observe from Table 2.4, that the frail population was older, had a smaller average 

BMI, included more males, and was comparatively not well-educated. Frail patients tended to 

have stroke history, hypertension history, diabetes history, and were more often not born in the 

US. 

Table 2.4  Baseline covariates in the three frailty state groups in the study sample 

Baseline wave (Wave 2) N (%) N=1,823   

Covariate No Frailty 

N=949 

Pre Frailty 

N=603 

Frailty 

N=271 

Age (mean±sd) 72.30±5.36 73.58±6.00 76.14±6.98 

BMI (mean±sd) 28.25±5.02 27.53±5.28 27.38±5.70 

Female 565 (59.54) 338 (56.05) 157 (57.93) 

Education    

No education 145 (50.52) 97 (33.80) 45 (16.61) 

Grade (1-8) 617 (49.96) 420 (34.01) 198 (73.06) 

Grade (>=9) 187 (62.13) 86 (28.57) 28 (10.33) 

Marital status    

Married 521 (54.90) 325 (53.90) 137 (50.55) 

Other 428 ((45.10) 278 (46.10) 134 (49.45) 

Stroke history 43 (4.53) 47 (7.79) 26 (9.59) 

Hypertension history 413 (43.52) 282 (46.77) 137 (50.55) 

Diabetes history 239 (25.18) 159 (26.37) 88 (32.47) 

US born 540 (56.90) 343 (56.88) 139 (51.29) 

 

By the end of the study period (wave 5), 598 subjects were censored, 677 subjects had 

died during the follow up, and 548 subject were LOF. 
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Table 2.5 describes number of dead and LOF subjects at each wave. Two hundred and 

four subjects were dead at wave 3, 158 at wave 4 and 315 at wave 5. One hundred and seventy 

three additional subjects were LOF by wave 3 (281 at wave 4, and 94 at wave 5). 

Table 2.5  Death and LOF distribution at each wave in the study sample 

N=1823 Wave 3 Wave 4 Wave 5 Total 

Dead 204 158 315 677 

LOF 173 281 94 548 

 

Table 2.6 gives the frailty index distribution among all subjects in the baseline sample, 

who we consider in our analyses: we divide them into censored subjects, those who experienced 

death and those with LOF, based on their eventual study outcome. At baseline, 62% of subjects 

were at no frail state and 7% were at frail state for censored subjects. 40% of eventual dying 

subjects were at not frail state at the baseline. Among the eventually censored patients 62and 7% 

were at the not frail and frail states, respectively. And 23% were at frail state. Health condition at 

baseline wave for censored subjects was generally better than that for dead subjects. Overall 

there were 7,292 observations. After deleting observations with missing frailty index, the number 

of observations decreased to 4,522.   

Table 2.6  Baseline frailty distribution among different survival outcomes in the study sample 

Frailty index Baseline Wave Censored Death LOF 

Baseline wave N=1823 N=598 N=677 N=548 

No Frailty 949 (52.06) 374 (62.54) 274 (40.47) 301 (54.93) 

Pre Frailty 603 (33.08) 182 (30.43) 249 (36.78) 172 (31.39) 

Frailty 271 (14.86) 42 (7.02) 154 (22.75) 75 (13.69) 

 

We checked the proportional odds assumptions for each variable at each wave. PROC 

LOGISTIC was used in SAS and option “unequalslopes” and “equalslopes” were used to check 
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the proportional odds assumptions. A simple logistic regression was run for each wave, to 

ascertain the significant covariates can predict frailty. The results are presented in Table 2.7. 

Table 2.7  Covariate checklist in the study sample 

 Wave 2 Wave 3 Wave 4 Wave 5 Longitudinal 

Analysis 

Significant 

covariates 

Age 

Stroke 

Hypertension 

Diabetes 

BMI 

Age 

Stroke 

 

BMI 

Age 

Diabetes 

 

Age 

 

BMI 

Age 

Stroke 

Diabetes 

Covariates 

meet 

assumptions  

BMI 

Education 

Marital status 

Stroke 

Hypertension 

Female 

US Born 

Marital status 

Stroke 

Hypertension 

Diabetes 

Female 

US Born 

 

BMI 

Age 

Education 

Marital status 

Stroke 

Hypertension 

Diabetes 

Female 

US Born 

BMI 

Age 

Education 

Marital status 

Stroke 

Hypertension 

Diabetes 

Female 

US Born 

 

 

In the survival sub-model, age did not meet the proportional hazard assumption. 

Hypertension, marital status, diabetes, female, US Born, and BMI showed a significant effect on 

the hazards. In the baseline joint model, we included age, BMI, stroke history, and diabetes 

history in the longitudinal component. BMI, stroke history, and diabetes history were included in 

the time-to-event component. For continuous variables age and BMI, we centered the data at the 

sample mean.  

 

Results of Applying the Baseline Approach 

In this section, we apply the joint longitudinal survival model developed by Li et al. 

(2010) that links the Cause-specific Hazards Model for competing risks analysis with the partial 
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proportional odds model for longitudinal ordinal measurements, to characterize frailty in the 

HEPESE data. Table 2.8 shows the comparison of the results obtained from separate models and 

from the joint model. The R package “ordinal” was used to fit the longitudinal model, and the 

package “survival” was applied to fit the Cause-specific Hazards model. In the joint model 

longitudinal component, age was recorded at each interview year. Frailty status was coded 1 for 

no frailty, 2 for pre-frail, and 3 for frailty. 

For separate models, with increasing age and BMI, the probability that subjects moved to 

the frail state increased. The odds of falling into or below any category of frailty (i.e., an 

improvement on frailty), as associated with a one-unit increase in age and BMI, is given as 

exp(0.0718)=1.07 and exp(0.0204)=1.02, respectively. Patients with history of stroke or diabetes 

were 65.93% and 43.02% more likely to move to frail status compared to patients without 

history of stroke or diabetes, respectively. For survival outcomes, subjects with history of 

diabetes were more likely to die or to LOF. There was a 123.22% increase in the expected hazard 

relative to diabetes history. The expected hazard is 1.06 and 1.45 times higher in a person with 1 

extra unit of BMI or who had been previously diagnosed with diabetes before, respectively. 

Joint model results showed the same covariates’ effect on the longitudinal outcome and 

survival outcomes, that subjects who were older, had higher BMI, with stroke or diabetes history 

were more likely to develop frailty and patients with diabetes history were more likely to die or 

to LOF during the follow up. Both point estimates and standard errors for covariates were larger 

than those obtained from the separate models, which may suggest that all covariates in our model 

have a larger effect on the outcomes. In another interpretation, the separate models underestimate 

the covariate effects on health outcome, while not accounting for the correlation between 
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repeated health outcome measurements and time-to-events outcomes. Additionally, the joint 

model also showed a positive correlation effect between the random intercept in the longitudinal 

sub-model and the survival sub-model, which suggests that patients with worsened frailty status 

are more likely to die or LOF. 

Table 2.8 Comparison between separate models and the baseline joint model  

    Separate models  Joint model 

Longitudinal 

Outcome   

“ordinal”  Use age as time-

varying covariate 

Estimate (SE) 

Intercept 1   1.7824 (0.0544) ‡ 1.7945 (0.0598)‡ 

Intercept 2   -0.0645 (0.0426) -0.1051 (0.0472) 

Age   0.0718 (0.0062) ‡ 0.1228 (0.0096)‡ 

BMI   0.0204 (0.0068) † 0.0315 (0.0076)† 

Stroke History   0.5064 (0.1471) ‡ 0.4752 (0.1505)† 

Diabetes History   0.3578 (0.0804) ‡ 0.4541 (0.0850)‡ 

Variable of the 

random effect 

 0.5057 (0.7112) 0.8236 (0.1163) 

Survival Outcomes “survival”     

Risk 1 (Death):       

BMI   -0.0085 (0.0079) -0.0019 (0. 0094) 

Stroke History   0.0461 (0.1429) 0.1550 (0.1724) 

Diabetes History   0.6303 (0.0840)‡ 0.8030 (0.1050)‡ 

Risk 2 (LOF):       

BMI   0.0511 (0.0076)‡ 0.0563 (0.0093)‡ 

Stroke History   -0.1212 (0.1736) -0.0105 (0.1921) 

Diabetes History   0.2155 (0.0990)† 0.3725 (0.1212)† 

Covariance   1.0316 (0.0986) 

†: <0.05; ‡: <0.0001 
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CHAPTER 3 LAST VALUE CARRIED FORWARD (LVCF) JOINT MODEL 

3.1 Introduction 

In this chapter, we extend the model in the Chapter 2 by adding the previous wave 

disease status in the time-to-event portion of the joint model. A novel part of this chapter is that 

in the simulation studies that we carried out, a latent process was generated in order to control 

the rate of variation in the longitudinal outcome.  

Time-varying covariates are covariates that change over time. There are extensive studies 

investigating time-varying covariate survival analysis models (Hosmer, Lemeshow, & May, 

2011; Klein & Moeschberger, 2005). The general approach to include time-varying covariates 

into survival models is to include multiple observations for each subject. For each observation, 

“start” is the entry time for the observation, “stop” is the exit time for the observation, and the 

exit time for the previous observation is used as the entry time for the following observation. The 

values of the time-varying covariates are recorded at each time interval endpoint. 

In our model with a time-varying covariate, it may be that the most recent covariate 

status, specifically frailty status, has a greater effect on the hazard for the event of interest 

compared to less recent covariate statuses. As such, we extend the model described in Chapter 2 

by adding the previous wave disease status to the joint model, in order to obtain a less biased 

estimate.   

3.2 Methodology 

The sub-model for the cause specific hazards model is modified to the following 
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formulation by adding 𝑌(𝑡 − 1) to (2.3, Chapter 2) via the coefficient 𝛿: 

 𝜆𝑑(𝑡; 𝑌𝑛(𝑡 − 1), 𝛿, 𝑍𝑛(𝑡), 𝛾, 𝜈, 𝑢𝑛) 

= 𝑙𝑖𝑚
Δ𝑡→0

𝑃(𝑡≤𝑇𝑛<𝑡+Δ𝑡,𝐷𝑛=𝑑|𝑇𝑛≥𝑡,𝑌𝑛(𝑡−1),𝛿,𝑍𝑛(𝑡),𝛾,𝜈,𝑢𝑛)

Δ𝑡
        

= 𝜆0𝑑(𝑡)exp(𝑌𝑛(𝑡 − 1)𝑇𝛿𝑑 + 𝑍𝑛(𝑡)
𝑇𝛾𝑑 + 𝜈𝑑𝑢𝑛). 

(3.1) 

Equations (2.1) in Chapter 2, 

 

𝜋𝑛𝑟(𝑘) 

= 𝑃(𝑌𝑛𝑟 ≤ 𝑘|𝑋𝑛𝑟
(1)
, X̃𝑛𝑟 ,𝑊𝑛𝑟 , 𝜃

(1), 𝛽(1), β̃, 𝑏𝑛) 

=
1

1+exp(−𝜃𝑘
(1)

−𝑋𝑛𝑟
(1)𝑇

𝛽(1)−X̃𝑛𝑟
𝑇
β̃−𝑊𝑛𝑟

𝑇 𝑏𝑛)
, 

(2.1) 

and (3.1) are linked by correlated random effects. The observed data likelihood function 

becomes 

 

𝐿(Ψ∘; 𝑌, 𝐶, 𝑎∘) = 

∏{∫ [∏∏(𝜋𝑛𝑟(𝑘) − 𝜋𝑛𝑟(𝑘 − 1))𝐼(𝑌𝑛𝑟=𝑘)
𝐾

𝑘=1

𝑁𝑛

𝑟=1

]
𝑎∘

}

𝑁

𝑛=1

[ ∏
𝑑=1

𝑔

𝜆𝑑(𝑡; 𝑌𝑛(𝑡

− 1), 𝛿𝑑, 𝑍𝑛(𝑡), 𝛾𝑑, 𝜈𝑑 , 𝑢𝑛)
𝐼(𝐷𝑛=𝑑)}] 

× exp{−∫ ∑𝜆𝑑(𝑡; 𝑌𝑛𝑟(𝑡 − 1), 𝛿𝑘, 𝑍𝑛(𝑡), 𝛾𝑘 , 𝜈𝑘, 𝑢𝑛)

𝑔

𝑑=1

𝑇𝑛

0

𝑑𝑡} 

(3.2) 
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1

√(2𝜋)𝑚3+1|Σ|
exp (−

1

2
𝑎∘𝑇Σ−1𝑎∘)𝑑𝑎∘. 

The complete-data likelihood function is given as 

 

𝐿(Ψ∘; 𝑌, 𝐶, 𝑎∘) ∝ 

∏[∏∏{𝜋𝑛𝑟(𝑘) − 𝜋𝑛𝑟(𝑘 − 1)}𝐼(𝑌𝑛𝑟=𝑘)
𝐾

𝑘=1

𝑁𝑛

𝑟=1

]

𝑁

𝑛=1

 

{ ∏
𝑑=1

𝑔

𝜆𝑑(𝑡; 𝑌𝑛(−1), 𝛿𝑑 , 𝑍𝑛(𝑡), 𝛾𝑑, 𝜈𝑑, 𝑢𝑛)
𝐼(𝐷𝑛=𝑑)} 

× exp{−∫ ∑𝜆𝑑(𝑡; 𝑌𝑛𝑟(𝑡 − 1), 𝛿𝑘, 𝑍𝑛(𝑡), 𝛾𝑘 , 𝜈𝑘, 𝑢𝑛)

𝑔

𝑑=1

]
𝑇𝑛

0

𝑑𝑡} 

1

√(2𝜋)𝑚3+1|Σ|
exp(−

1

2
𝑎𝑛
∘ 𝑇Σ−1𝑎𝑛

∘ ), 

(3.3) 

where 𝜋𝑛𝑟(𝑘) is the probability that 𝑌𝑛𝑟 ≤ 𝑘.  

The EM algorithm is applied to maximize the likelihood function as before. We 

implemented this estimation of the covariate coefficients in C.  

The next section details a simulation to demonstrate and compare this approach with the 

baseline approach. We also compare our results to estimation with separate models (i.e., no 

shared or correlated random effects). 

3.3 Simulation Studies  

3.3.1 DESCRIPTION OF THE SIMULATION STUDIES 
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We conducted several simulations studies to examine the performance of the proposed 

method. The data are generated from models (2.1) and (3.1) with K = 3.  An unobserved latent 

process, as described below, was generated in order to control the rate of variation in the 

longitudinal outcome. Using this latent process, the observed data were generated for simulation. 

Table 3.1 presents the simulation results from 100 fitted Monte Carlo samples with the 

sample size N = 200.  For each simulated data set, the fitted models include a complete 

longitudinal ordinal model (with no censoring), separate models of the longitudinal outcome and 

competing risks survival, a joint model (JM) using the baseline approach, and the proposed last 

value joint model (LVJM) described in this aim. The four different methods are denoted as 

“Complete Data”, “Separated Analyses”, “Baseline JM”, and “LVJM” (in Table 3.1 and 

discussion) for the sake of simplicity. The assessment criteria are bias and standard error of the 

estimators. A step-by-step description of the simulation mechanism follows: 

1. In the longitudinal sub-model, a latent process is generated. A random variable 𝑍𝑙(𝜏) is 

generated following a continuous uniform distribution between -0.5 and 0.5. The points 

of change (∆𝜏)𝑙 = 𝜏𝑙+1 − 𝜏𝑙, where 0 ≤ 𝜏 ≤ 4are generated from an exponential 

distribution with differing values of rate 𝜑, 1, 1.5, 2, 2.5, 3, 3.5, 4, 5, 6, 10.  

2. The observed times 𝑡𝑛𝑟 are the values 0, 0.5, 1,1.5, … , 4. The observed covariate 

vector𝑋𝑛𝑟
(1)

 is of the form (𝜏𝑛𝑟, 𝑥𝑛, 𝜏𝑛𝑟𝑥𝑛)
𝑇, where 𝑥𝑛~Bernoulli(0.5) is the categorical 

baseline covariate, and 𝜏𝑛𝑟𝑥𝑛 is the interaction between time and the covariate. We 

further set �̃�𝑛𝑟 = 𝑋𝑛𝑟 and 𝑊𝑛𝑟 = 1. The true values of the parameters 𝛽(1), 𝛽, 𝜃(1) and 

𝜎𝑏
2 are given in Table 3.1. 
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3. The latent longitudinal outcome is generated by the covariate vector 𝑋𝑛𝑟
(1)

 and 𝑍𝑙(𝜏). The 

observed longitudinal outcome can be obtained based at the observed visit times 𝑡𝑛𝑟. 

4. In the survival sub-model, the censoring time for subject 𝑛 is generated from an 

exponential distribution with mean 5. Two competing risks are simulated. Death time is 

generated from an exponential distribution with 𝜆01=0.1, 4, 10, if the latest latent 

longitudinal outcome before a possible death event takes on the values 1, 2, 3, 

respectively. LOF is simulated with 𝜆02 = 0.25. Further, 𝑢𝑛 ∼ 𝑁(0, 𝜎𝑢
2). The true value 

of the parameter 𝛾𝑑 is given in Table 3.1. 

Only one failure type can be observed for each subject. A censoring event occurs when 

the simulated censoring time is smaller than either event times. Ten different scenarios for Δ𝜏 are 

simulated based on various exponential rate 𝜑. The simulated bias, standard error, and the 95% 

confidence interval coverage probability (CP) are presented in Table 3.1. 
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Table 3.1  Simulation results of the different values of rate 𝜑 applying to the complete data, 

the separate models, the baseline JM and the LVCFJM. The complete data 

estimates are based on the complete dataset without truncation due to death or LOF.  

The separate models results show biased estimates resulting from the truncation due 

to death and LOF.  The LVCFJM shows the less biased estimates when the 

longitudinal sub-model and the survival sub-model are jointly estimated with 

correlated random effects 

Table 3.1a 𝜑 =1 

𝜑 =1  Complete data Separate models Baseline JM LVCFJM 
 

True 

value 

Bias SE CP Bias SE CP Bias SE CP Bias SE CP 

Longitudinal 

sub-model 

 
       

     

Fixed effects  
       

     

𝜃1 -2 -0.392 0.233 0.96 -3.789 2.908 1 -0.701 0.786 0.98 -0.646 0.549 0.95 

𝜃2 1 0.001 0.222 0.98 3.963 2.854 1 0.698 0.556 0.96 0.638 0.469 0.98 

𝛽1 -1.2 0.264 0.063 0.96 0.604 0.943 0.96 0.14 0.711 0.97 0.513 0.435 0.98 

𝛽2 -0.8 -0.151 0.308 0.96 -0.022 0.509 0.96 -0.659 0.686 0.96 -0.505 0.650 0.95 

𝛽3 0.8 -0.222 0.082 0.96 0.01 1.142 0.96 -0.068 0.913 0.96 -0.015 0.497 0.95 

Survival 

sub-model 

 
       

     

Fixed effects  
       

     

𝛾1 0.8 
   

-0.253 0.186 1 -1.789 0.239 1 -0.325 0.269 1 

𝛾2 -1 
   

-0.221 0.968 1 0.887 0.175 1 -0.131 0.703 1 

𝑣 0.5 
      

-0.851 0.468 0.96 -2.178 0.977 0.93 
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Table 3.1b    𝜑 =1.5 

𝜑 =1.5  Complete data Separate models Baseline JM LVCFJM 
 

True 

value 

Bias SE CP Bias SE CP Bias SE CP Bias SE CP 

Longitudinal 

sub-model 

 
       

     

Fixed effects  
       

     

𝜃1 -2 -0.321 0.233 0.96 -1.152 2.455 0.94 -0.304 0.672 0.96 -0.256 0.665 0.94 

𝜃2 1 -0.219 0.222 0.98 1.548 2.298 0.94 -0.407 0.419 0.96 -0.457 0.370 0.94 

𝛽1 -1.2 -0.188 0.063 0.96 0.22 0.415 0.98 0.387 0.403 0.94 0.194 0.350 0.94 

𝛽2 -0.8 -0.206 0.308 0.96 0.003 0.446 0.98 -0.200 0.662 0.96 -0.274 0.642 0.94 

𝛽3 0.8 -0.146 0.082 0.96 0.068 0.754 0.94 0.078 0.578 0.96 -0.003 0.465 0.96 

Survival 

sub-model 

 
       

     

Fixed effects  
       

     

𝛾1 0.8 
   

-0.168 0.188 1 -1.626 0.482 1 -0.168 0.394 1 

𝛾2 -1 
   

-0.210 0.907 1 0.815 0.392 1 -0.295 0.703 1 

𝑣 0.5 
      

-1.081 0.834 0.92 -2.178 0.977 0.93 
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Table 3.1c    𝜑 =2 

𝜑 =2  Complete data Separate models Baseline JM LVCFJM 
 

True 

value 

Bias SE CP Bias SE CP Bias SE CP Bias SE CP 

Longitudinal 

sub-model 

 
       

     

Fixed effects  
       

     

𝜃1 -2 -0.131 0.186 0.98 0.087 1.127 0.96 0.093 0.371 0.96 -0.018 0.403 0.98 

𝜃2 1 -0.177 0.179 0.98 0.424 1.047 0.96 0.311 0.360 0.94 0.331 0.341 0.96 

𝛽1 -1.2 0.186 0.064 0.98 0.085 0.396 0.94 0.088 0.422 0.96 0.257 0.395 0.96 

𝛽2 -0.8 -0.121 0.25 1 -0.012 0.307 0.96 -0.149 0.370 0.96 -0.074 0.416 0.93 

𝛽3 0.8 -0.13 0.082 1 0.020 0.456 0.98 0.081 0.270 1 0.147 0.515 0.96 

Survival 

sub-model 

 
       

     

Fixed effects  
       

     

𝛾1 0.8 
   

-0.252 0.217 1 -1.730 0.270 1 0.212 0.279 1 

𝛾2 -1 
   

-0.347 0.997 1 0.914 0.254 1 -0.340 0.760 1 

𝑣 0.5 
      

-0.850 0.678 0.96 -2.256 1.646 0.98 
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Table 3.1d    𝜑 =2.5 

𝜑 =2.5  Complete data Separate models Baseline JM LVCFJM 
 

True 

value 

Bias SE CP Bias SE CP Bias SE CP Bias SE CP 

Longitudinal 

sub-model 

 
       

     

Fixed effects  
       

     

𝜃1 -2 -0.027 0.175 0.98 0.105 0.937 0.96 0.113 0.395 0.92 -0.01 0.423 0.94 

𝜃2 1 0.149 0.167 0.96 0.239 0.799 0.96 0.132 0.296 0.98 0.121 0.308 0.98 

𝛽1 -1.2 0.209 0.062 0.96 0.142 0.325 0.98 0.140 0.280 0.96 0.278 0.279 0.96 

𝛽2 -0.8 -0.106 0.231 0.94 -0.028 0.374 0.98 -0.121 0.469 0.94 -0.055 0.481 0.94 

𝛽3 0.8 -0.136 0.079 0.96 -0.167 0.408 0.96 -0.127 0.386 0.96 -0.072 0.377 0.98 

Survival 

sub-model 

 
       

     

Fixed effects  
       

     

𝛾1 0.8 
   

-0.263 0.197 1 -1.715 0.206 1 -0.193 0.242 1 

𝛾2 -1 
   

-0.096 0.764 1 0.923 0.232 1 -0.250 0.265 1 

𝑣 0.5 
      

-0.782 0.581 0.94 -2.304 1.612 0.96 
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Table 3.1e    𝜑 =3 

𝜑 =3  Complete data Separate models Baseline JM LVCFJM 
 

True 

value 

Bias SE CP Bias SE CP Bias SE CP Bias SE CP 

Longitudinal 

sub-model 

 
       

     

Fixed effects  
       

     

𝜃1 -2 0.058 0.175 1 0.367 0.303 0.94 0.248 0.374 0.96 0.171 0.341 0.93 

𝜃2 1 -0.104 0.168 0.98 0.134 0.233 0.94 0.172 0.269 0.96 0.171 0.291 0.96 

𝛽1 -1.2 0.216 0.064 0.98 0.084 0.224 0.98 0.093 0.211 0.96 0.217 0.229 0.93 

𝛽2 -0.8 -0.05 0.229 0.98 0.026 0.300 0.94 -0.043 0.329 0.94 -0.009 0.335 0.96 

𝛽3 0.8 0.14 0.08 1 -0.131 0.298 0.96 -0.098 0.294 0.96 -0.060 0.292 0.98 

Survival 

sub-model 

 
       

     

Fixed effects  
       

     

𝛾1 0.8 
   

-0.247 0.237 1 -1.649 0.251 1 -0.212 0.287 1 

𝛾2 -1 
   

-0.187 0.603 1 0.944 0.199 1 -0.285 0.709 1 

𝑣 0.5 
      

-0.813 0.575 0.94 -2.895 2.725 0.96 
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Table 3.1f    𝜑 =3.5 

𝜑 =3.5  Complete data Separate models Baseline JM LVCFJM 
 

True 

value 

Bias SE CP Bias SE CP Bias SE CP Bias SE CP 

Longitudinal 

sub-model 

 
       

     

Fixed effects  
       

     

𝜃1 -2 0.106 0.171 1 0.334 0.291 0.98 0.239 0.363 0.96 0.166 0.356 0.96 

𝜃2 1 -0.125 0.166 1 0.045 0.28 0.94 0.065 0.299 0.94 0.065 0.305 0.92 

𝛽1 -1.2 0.21 0.065 1 0.132 0.247 0.92 0.135 0.279 0.90 0.221 0.273 0.92 

𝛽2 -0.8 0.038 0.225 1 0.062 0.311 0.94 0.019 0.401 0.96 0.073 0.428 0.96 

𝛽3 0.8 -0.15 0.082 1 -0.181 0.345 0.96 -0.138 0.384 0.96 -0.067 0.286 0.96 

Survival 

sub-model 

 
       

     

Fixed effects  
       

     

𝛾1 0.8 
   

-0.241 0.215 1 -1.638 0.179 1 -0.182 0.286 1 

𝛾2 -1 
   

-0.244 1.011 1 0.950 0.155 1 -0.214 0.763 1 

𝑣 0.5 
      

-0.904 0.651 0.92 -2.459 1.739 0.94 
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Table 3.1g    𝜑 =4 

𝜑 =4  Complete data Separate models Baseline JM LVCFJM 
 

True 

value 

Bias SE CP Bias SE CP Bias SE CP Bias SE CP 

Longitudinal 

sub-model 

 
       

     

Fixed effects  
       

     

𝜃1 -2 0.097 0.168 1 0.404 0.212 0.94 0.349 0.266 0.98 0.281 0.274 0.95 

𝜃2 1 -0.113 0.163 1 0.06 0.182 0.92 0.062 0.203 0.92 0.062 0.205 0.90 

𝛽1 -1.2 0.207 0.064 1 0.098 0.203 0.96 0.105 0.211 0.96 0.181 0.204 0.98 

𝛽2 -0.8 -0.202 0.223 1 0.054 0.277 0.94 0.052 0.355 1 0.101 0.349 0.95 

𝛽3 0.8 -0.137 0.082 1 -0.108 0.258 0.98 -0.096 0.279 0.98 -0.051 0.290 0.98 

Survival 

sub-model 

 
       

     

Fixed effects  
       

     

𝛾1 0.8 
   

-0.247 0.241 1 -1.541 0.200 1 -0.217 0.254 1 

𝛾2 -1 
   

-0.107 0.562 1 0.931 0.126 1 -0.165 0.571 1 

𝑣 0.5 
      

-0.889 0.560 0.98 -2.011 2.181 0.98 
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Table 3.1h    𝜑 =5 

𝜑 =5  Complete data Separate models Baseline JM LVCFJM 
 

True 

value 

Bias SE CP Bias SE CP Bias SE CP Bias SE CP 

Longitudinal 

sub-model 

 
       

     

Fixed effects  
       

     

𝜃1 -2 0.186 0.166 1 0.441 0.250 0.94 0.395 0.267 0.92 0.320 0.274 0.93 

𝜃2 1 -0.075 0.162 1 0.024 0.224 0.94 0.037 0.251 0.96 0.024 0.252 0.98 

𝛽1 -1.2 0.224 0.065 1 0.148 0.170 0.94 0.144 0.174 0.98 0.212 0.190 0.96 

𝛽2 -0.8 0.018 0.217 1 0.088 0.302 0.94 0.075 0.354 0.98 0.096 0.378 0.98 

𝛽3 0.8 -0.138 0.082 1 -0.210 0.212 0.98 -0.198 0.222 0.96 -0.178 0.218 0.98 

Survival 

sub-model 

 
       

     

Fixed effects  
       

     

𝛾1 0.8 
   

-0.260 0.182 1 -1.541 0.268 1 -0.233 0.225 1 

𝛾2 -1 
   

-0.142 0.489 1 1.066 0.155 1 -0.304 0.689 1 

𝑣 0.5 
      

-0.929 0.530 0.94 -1.759 2.766 0.96 
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Table 3.1i    𝜑 =6 

𝜑 =6  Complete data Separate models Baseline JM LVCFJM 
 

True 

value 

Bias SE CP Bias SE CP Bias SE CP Bias SE CP 

Longitudinal 

sub-model 

 
       

     

Fixed effects  
       

     

𝜃1 -2 0.187 0.163 1 0.396 0.204 0.96 0.333 0.224 0.92 0.275 0.229 0.96 

𝜃2 1 -0.107 0.159 1 0.011 0.198 0.96 0.039 0.219 0.96 0.036 0.219 0.94 

𝛽1 -1.2 0.219 0.065 1 0.092 0.195 0.98 0.079 0.199 0.98 0.144 0.200 0.98 

𝛽2 -0.8 0.05 0.214 1 0.067 0.256 0.94 0.017 0.298 0.94 0.032 0.303 0.96 

𝛽3 0.8 -0.151 0.081 1 -0.100 0.211 1 -0.073 0.224 0.98 -0.059 0.229 1 

Survival 

sub-model 

 
       

     

Fixed effects  
       

     

𝛾1 0.8 
   

-0.323 0.216 1 -1.434 0.195 1 -0.351 0.378 1 

𝛾2 -1 
   

-0.231 0.632 1 0.995 0.163 1 -0.203 0.578 1 

𝑣 0.5 
      

-0.995 0.853 0.94 -1.742 2.884 0.96 
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Table 3.1j    𝜑 =10 

𝜑 =10  Complete data Separate models Baseline JM LVCFJM 
 

True 

value 

Bias SE CP Bias SE CP Bias SE CP Bias SE CP 

Longitudinal 

sub-model 

 
       

     

Fixed effects  
       

     

𝜃1 -2 0.252 0.162 1 0.365 0.222 0.98 0.368 0.229 0.98 0.337 0.222 0.95 

𝜃2 1 -0.043 0.159 1 -0.016 0.181 0.94 -0.029 0.960 0.96 -0.042 0.220 0.96 

𝛽1 -1.2 0.213 0.066 1 0.095 0.129 0.88 0.103 0.130 0.94 0.167 0.139 0.92 

𝛽2 -0.8 0.081 0.213 1 0.002 0.287 0.94 0.032 0.302 0.98 0.044 0.303 0.96 

𝛽3 0.8 -0.142 0.082 1 -0.124 0.158 0.96 -0.131 0.156 0.94 -0.142 0.164 0.94 

Survival 

sub-model 

 
       

     

Fixed effects  
       

     

𝛾1 0.8 
   

-0.359 0.235 1 -1.284 0.249 1 -0.379 0.234 1 

𝛾2 -1 
   

-0.245 0.467 1 0.991 0.293 1 -0.402 0.466 1 

𝑣 0.5 
      

-1.083 0.682 0.94 -0.818 3.696 0.96 
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3.3.2 SIMULATION RESULTS 

When the rate of change 𝜑 is small (1 to 1.5) the separate longitudinal model estimates 

tend to have larger bias than the complete data longitudinal model estimates. As 𝜑 increases, the 

separate model estimates become stable, and bias decreases.  

The intercepts are the estimated ordered logits for the adjacent levels of the longitudinal 

outcome when the independent variables are evaluated at zero. Compared with the joint model, 

the separate analysis produces a relatively large bias in the intercept 𝜃1 across different values of 

𝜑. However, with increasing 𝜑, the difference between the joint model and separate model 

estimates becomes smaller. Compared with the joint model, the separate model also produces 

large bias in the intercept 𝜃2 when 𝜑 < 3. Our simulation suggests that when the speed of the 

change of the longitudinal ordinal outcome is appropriate (1 ≤ 𝜑 ≤ 2.5), the proposed LVCF 

joint model achieves smaller bias in the estimation of the intercepts 𝜃1 and 𝜃2, as compared to 

the separate model estimates.  

Among the coefficients of the fixed effects, we are interested in the coefficient of the 

baseline variable 𝑥 is what we are interested in which 𝑥 is the baseline covariate in the 

simulation studies. Since 𝑥 is the fixed baseline covariate, the hypothesis is that the proposed last 
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value joint model will not add accuracy to the estimation of the coefficient of 𝑥, and the 

simulation studies support this proposition.  

In the survival sub-model, the proposed last value joint model produces a relatively 

smaller bias in the estimation of the coefficient of the fixed effects for failure type 1, as 

compared to the separate analysis. However, we only achieve a smaller biased estimation of the 

fixed effects in failure type 2 when 𝜑 = 2 in the proposed joint model. The baseline model 

produces the least accurate estimations in the survival sub-model, which is understandable since 

the survival outcomes in the simulation studies are associated with the latest observed value from 

longitudinal model. Not adding the last value in the analyses of the survival sub-model will yield 

biased results.  

3.4 Application to the HEPESE Data 

In this section, we apply the LVCF joint model to the HEPESE data. Table 3.2 lists the 

comparison results obtained from the separate models, the joint model from Chapter 2, and the 

LVCF joint model. The R package “ordinal” was applied to estimate the longitudinal model, and 

the package “survival” was applied to the estimate Cause-specific Hazards model. In the joint 

model longitudinal component, age was recorded at each interview year. Frailty status was coded 

as 1 for no frail, 2 for pre-frail, and 3 for frailty. 

As age and BMI increase, the number of subjects moving to the frail state increases. The 

odds of falling into or below any category of frailty (improvement on frailty), associated with a 

one-unit increase in age and BMI, is 𝑒𝑥𝑝(0.0695) = 1.07 and 𝑒𝑥𝑝(0.0236) = 1.02, 

respectively.  
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For survival outcomes, subjects with increased BMI were more likely to LOF. There is a 

5% increase in the expected hazard with each increasing unit of BMI.  

Like the joint model from the baseline approach in Chapter 2, there is also a positive 

correlation effect between the random intercepts in the longitudinal sub-model and the survival 

sub-model, suggesting that patients with worse frailty status are more likely to die or be LOF. 

Additionally, the joint model from the baseline approach shows similar covariates effects on 

each of the longitudinal and survival outcomes compared to the LVCF model. The point 

estimates and standard errors for the estimated covariate effect in the longitudinal sub-model are 

larger than the ones obtained from the separate model, suggesting that all the covariates in our 

model have a larger effect on the outcomes than the separate models. In another way of 

interpretation, separate models may underestimate the covariate effects on health outcomes, 

while not accounting for the correlation between repeated health outcome measurement and 

time-to-event outcomes. 

After applying the proposed LVCF joint model to the HEPESE data, however, we could 

not obtain convergence after 39,510 iterations. Figure 3.1 shows the convergence conditions for 

each estimated coefficients. It seems that each estimated coefficient meets the criteria for 

convergence, though they, in fact, did not.  

Another criterion for convergence is that the hazard for each failure type should be larger 

than 0.01. In this application analysis, the hazards are always less than 0.01. For that reason, the 

LVCF joint model could not provide a convergent result when applied to the HEPESE data. 
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However, we observe that the point estimates of the covariates in LVJM tend to get the larger 

than those from the baseline approach and the separate models. This may suggest that age and 

BMI actually have a larger effect on the outcome frailty, than separate model would indicate.  

 

Table 3.2  Results from application to the HEPESE data 

    Separate models  Joint model (baseline 

approach) 

LVJM 

Longitudinal 

Outcome   

“ordinal”  Use age as time-varying 

covariate 

Estimate (SE) Estimate 

(SE) 

Intercept 1   1.6607 (0.0484) ‡ 1.6882 (0.0514)‡ 1.6794 

Intercept 2   -0.1828 (0.0375) -0.1934 (0.0515) -0.3778 

Age   0.0695 (0.0062) ‡ 0.0723 (0.0062)‡ 0.2087 

BMI   0.0236 (0.0067) † 0.0225 (0.0081)† 0.0483 

Random effect  0.5318 (0.7293) 0.6905 (0.1048) 2.1377 

Survival Outcomes “survival”       

Risk 1 (Death):         

BMI   -0.0023 (0.0078) 0.0004 (0.0000) 0.0294 

Stroke History   0.1690 (0.1413) 0.0004 (0.0000) 0.8463 

LV        -1.6721 

Risk 2 (LOF):     

BMI   0.0525 (0.0075)‡ 0.0004 (0.0000)‡ 0.1315 

Stroke History   -0.0863 (0.1727) -0.0015 (0.0868) 0.7305 

LV    -3.1323 

Covariance   1.0455 3.8715 

†: <0.05; ‡: <0.0001. 
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Figure 3.1  Convergence condition for each covariate 
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3.5 Conclusion and Discussion 

Our proposed LVCF joint model extends the joint longitudinal competing risks survival 

model, by adding previous wave disease status history as an additional time-varying covariate. A 

novel aspect of this chapter is that in the simulation study, a latent process was generated in order 

to control the rate of variation in the longitudinal outcome. We show through simulations that the 

LVCF joint analysis can achieve smaller bias in the estimates of the intercepts compared to 

separate model estimates when the speed of the change of the longitudinal ordinal outcome is 

appropriate. In the survival sub-model, the proposed last value joint model produces a relatively 

smaller bias for the estimates of the coefficient of the fixed effects in failure type 1, as compared 

to the separate analyses. The baseline model, the JM model, produces the least accurate 

estimation in the survival sub-model. 

After applying the proposed LVJM to the working data, results show that covariate 

effects tends to be larger than in the separate model and the baseline approach. This may suggest 

that the separate models and the baseline approach have underestimated age and BMI’s effect on 

frailty.  
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CHAPTER 4 CONTINUOUS TIME MARKOV CHAIN (CTMC) JOINT MODEL 

4.1 Introduction 

In this chapter, we apply the same correlated random effects linkage mechanism as in the 

original approach from Chapter 2. In this case, our categorical longitudinal data are modeled as a 

continuous time Markov chain process in order to study transition probabilities among different 

states. 

 

Figure 4.1  Schematic of possible transitions among five transient states: (1) No frailty (2) Pre-

frailty (3) Frailty (4) Death (absorbing state) (5) LOF (absorbing state) 

For the HEPESE study, subjects were interviewed at each wave, as they were available. 
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The frailty status was measured during interviews. Frailty was assessed after the baseline wave, 

since the definition of frailty includes a change in status (Fried et al., 2001).  Change in frailty 

status likely happened sometime between waves. In this setting, we cannot simply treat the 

changing of frailty states as a discrete time problem that is totally dependent on covariates. 

Instead, we need to consider estimating the transition probabilities by treating the process as a 

continuous time Markov chain (Li and Chan, 2006) for which we do not necessarily know the 

exact event times.  

4.2 Methodology 

4.2.1 ASSUMPTIONS 

A stochastic process {𝑌(𝑡): 𝑡 ∈ 𝑇} is called a continuous time Markov process (CTMC) if 

it is measured over a continuous time axis and meets the following assumptions (Li and Chan, 

2006).   First, the outcome satisfies the Markov property, which is given as: 

 

𝑃[(𝑌(𝑡 + 𝑠) = 𝑗|𝑌(𝑡) = 𝑖, 𝑌(𝑢) = 𝑦(𝑢), 0 ≤ 𝑢 < 𝑠]

= 𝑃[𝑌(𝑡 + 𝑠) = 𝑗|𝑌(𝑠) = 𝑖], 
(4.1) 

where  𝑡 > 𝑠 > 0 and {𝑖, 𝑗}are finite state values. In other words, the distribution of states is 

explained completely by the most recent state value.  

Second, the process must be stationary: that is, 

 𝑃[𝑌(𝑡 + 𝑠) = 𝑗|𝑌(𝑡) = 𝑖] = 𝑃[𝑌(𝑠) = 𝑗|𝑌(0) = 𝑖] ≡ 𝑃𝑖𝑗(𝑠). (4.2) 

For continuous time Markov chain processes, the probability of an event state is entirely a 

function of the time lapse since the observation and is independent of the particular time of each 

event.   
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Based on these assumptions, the amount of time that a subject spends at state 𝑖 before 

making any transition follows an exponential distribution with mean equal to 
1

𝑞𝑖𝑗+𝑞𝑖𝑗′
, where 𝑖 ≠

𝑗 ≠ 𝑗′. The probability that at the time of transition the process goes from state 𝑖 to state 𝑗 can be 

calculated as 
𝑞𝑖𝑗

∑ 𝑞𝑖𝑟𝑟=1,𝑟≠𝑖

. The transition value  𝑃𝑖,𝑗,𝑛(𝑡) is the probability that subject 𝑛 has moved 

from state 𝑖 to state 𝑗 after 𝑡 units of time for subject 𝑛.  (There is no restriction on the possible 

number of transitions made in the intervening time.)  This transition probability will be used in 

Section 4.2.4 to construct the likelihood function for the proposed joint model. 

4.2.2 LIKELIHOOD FUNCTION FOR THE CTMC SUB-MODEL 

 

We let 𝑌𝑛(𝑡𝑛,1), 𝑌𝑛(𝑡𝑛,2), … , 𝑌𝑛(𝑡𝑛,𝑅) denote the outcome (frailty state) for subject 𝑛 at 

times 𝑡𝑛,1, 𝑡𝑛,2, … , 𝑡𝑛,𝑅 (0 < 𝑡𝑛,1 < 𝑡𝑛,2 < ⋯ < 𝑡𝑛,𝑅). We assume that this process is a 

continuous time Markov chain with transition probabilities that may depend on the covariate 

values for each subject. Let 𝑞𝑖𝑗 denote the “instantaneous transition rate” from state 𝑖 to state 𝑗.  

The collection of {𝑞𝑖𝑗} defines the matrix 𝑄, which is called the infinitesimal generator of the 

process. This matrix has the properties of the continuous time Markov matrix (Li and Chan, 

2006):  

0 ≤ 𝑞𝑖𝑖 < ∞ 

𝑞𝑖𝑖 = − ∑
𝑖≠𝑗
𝑞𝑖𝑗 

𝑞𝑖𝑗 ≥ 0, for 𝑖 ≠ 𝑗 
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∑ 𝑞𝑖𝑗𝑗 = 0, for all 𝑖. 

For our data, the infinitesimal matrix 𝑄 is a 3 × 3 matrix, since frailty status is defined as 

three states.  Thus, 𝑄 is given as 

𝑄 = (

−(𝑞12 + 𝑞13) 𝑞12 𝑞13
𝑞21 −(𝑞21 + 𝑞23) 𝑞23
𝑞31 𝑞32 −(𝑞31 + 𝑞32)

).                             

The work of Kalbfleisch and Lawless (1985) and Li and Chan (2006) is fundamental to 

the development of the continuous time Markov chain model on a multinomial outcome. In each 

case, they used a likelihood function written as 

 𝐿 = ∏
𝑛=1

𝑁

∏
𝑟=2

𝑅

∏
𝑖,𝑗
𝑃𝑖,𝑗,𝑛(𝑡𝑛,𝑟 − 𝑡𝑛,𝑟−1)

𝐼(𝑌𝑛,𝑟−1=𝑖)𝐼(𝑌𝑛,𝑟=𝑗). (4.3) 

We can add covariate and random effects to 𝑞𝑖𝑗 by generalizing the likelihood to the form 

 𝐿 = ∏ (∫ [ ∏
𝑟=2

𝑅

∏
𝑖,𝑗
𝑃𝑖,𝑗,𝑛(𝑡𝑛,𝑟 − 𝑡𝑛,𝑟−1)

𝐼(𝑌𝑛,𝑟−1=𝑖)𝐼(𝑌𝑛,𝑟=𝑗)] 𝑑𝑒𝑛)
𝑁
𝑛=1 , (4.4) 

where the transition probability 𝑃𝑖,𝑗,𝑛(𝑡) is a function of  instantaneous transition rate 𝑞𝑖,𝑗,𝑛. Each 

value of 𝑞𝑖,𝑗,𝑛 is formulated as a function of fixed and random effects, given as 

 𝑞𝑖,𝑗,𝑛 = 𝑒𝑥𝑝 (𝜃𝑖,𝑗
(2)

+ 𝑋𝑛
(2)𝑇

𝛽𝑖,𝑗
(2)

+ 𝐺𝑖,𝑗𝑒𝑛), (4.5) 

where 𝑒𝑥𝑝(𝜃𝑖,𝑗
(2)
)  is the baseline transition rate, 𝑋𝑛

(2)
 is a 𝑚4 × 1 vector of baseline time-

independent covariates in the continuous-time Markov chain model, 𝐺𝑖𝑗 is a 𝑚5 × 1 vector of 

predictors for the random effects, and 𝑒𝑛 is the random effects vector for subject 𝑛, drawn from a 

normal distribution 𝑁𝑚5
(0, Σ𝑒).  
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In Chapter 2, the random effect 𝑏𝑛 in the partial proportional odds model was interpreted 

as capturing the variance component for the subject 𝑛 of each point across the follow up time 

period. In the CTMC model, the random effect 𝑒𝑛 in (4.4) is interpreted as measuring the degree 

of heterogeneity of transition distributions among the subjects across the follow-up time period.  

4.2.3 LIKELIHOOD FUNCTION FOR THE SURVIVAL SUB-MODEL 

 

In the survival sub-model, the hazard for failure type 𝑑 (death or LOF) is same as for the 

survival sub-model in Chapter 2, given as 

 𝜆𝑑(𝑡; 𝑍𝑛(𝑡), 𝛾, 𝜈, 𝑢𝑛) = 𝜆0𝑑(𝑡)exp(𝑍𝑛(𝑡)
𝑇𝛾𝑑 + 𝜈𝑑

𝑇𝑢𝑛), (2.3) 

where 𝑍𝑛(𝑡) is the (possibly) time-dependent covariate vector, andthe coefficient vectors 𝑣1 and 

𝑣2 are the coefficients for the random effect𝑠 for failure types 1 and 2, respectively. The random 

effects 𝑢𝑛 can be interpreted as features that are shared by the 2 failure types on the same subject 

and introduce correlations between the 2 failure types. The function 𝜆0𝑑(𝑡) is the unspecified 

baseline hazard function for failure type 𝑑.  

4.2.4 LIKELIHOOD FUNCTION FOR THE JOINT MODEL 

 

The sub-model (4.4) and (2.3) are linked together by the assumption that the two sub-

model random effects share a multivariate normal distribution: 

 
𝑎𝑛
∗ = (

𝑒𝑛
𝑢𝑛
)~𝑁 ((

0
0
) , (

Σ𝑒𝑒 Σ𝑒𝑢
𝑇

Σ𝑒𝑢 Σ𝑢𝑢
)). 

(4.6) 

Let Ψ∗ = (𝜃𝑖𝑗
(2)
, 𝛽𝑖𝑗

(2)
, … ) indicate all parameters in (4.4) and (2.3   ), 𝑌𝑛 =
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(𝑌𝑛1, 𝑌𝑛2, … , 𝑌𝑛𝑅)
𝑇 and 𝑌 = (𝑌1, … , 𝑌𝑁)

𝑇. Then, similar to the approach in Chapter 2, we have the 

following observed data likelihood function for Ψ∗: 

 𝐿(Ψ∗; 𝑌, 𝐶, 𝑎∗) 

∝ ∏ ∫ [∏ ∏ 𝑃𝑖,𝑗,𝑛(𝑡𝑛,𝑟 − 𝑡𝑛,𝑟−1)
𝐼(𝑌𝑛,𝑟−1=𝑖)𝐼(𝑌𝑛,𝑟=𝑗)

]𝑖,𝑗
𝑅
𝑟=2𝑎∗

𝑁
𝑛=1    

{∏𝜆𝑑(𝑡; 𝑍𝑛(𝑡), 𝛾𝑑 , 𝜈𝑑 , 𝑢𝑛)
𝐼(𝐷𝑛=𝑑)

𝑔

𝑑=1

} 

× exp[−∫ {∑ 𝜆𝑑(𝑡; 𝑍𝑛(𝑡), 𝛾𝑑 , 𝜈𝑑 , 𝑢𝑛)}𝑑𝑡]
1

√(2𝜋)𝑚5+1|Σ|
exp (−

1

2
𝑎∗𝑇𝛴−1𝑎∗) 𝑑𝑎∗

𝑔
𝑑=1

𝑇𝑛
0

. 

 

(4.7) 

4.2.5 ESTIMATION OF COEFFICIENTS 

We adapt Liu and Huang’s (2008) proposed method for estimation in frailty proportional 

hazards models using Gaussian-Hermite quadrature in the survival sub-model (given in (2.3)). 

Gaussian quadrature techniques are used to approximate the integral of a parametric function by 

taking a weighted sum over the random effects. It is given as 

 𝐼 = ∑ 𝑤𝑞𝑓(𝑥𝑞)
𝑄
𝑞=1 , (4.8) 

where 𝑓(𝑥) is the function to be integrated (𝐼 = ∫ 𝑓(𝑥)𝑑𝑥
𝑏

𝑎
), 𝑤𝑞 is a prespecified weighting 

function, and {𝑥𝑞} is a prespecified set of nodes. Gaussian-Hermite quadrature is Gaussian 

quadrature with weighting function 𝑤𝑞 = 𝑒−𝑥
2
 (Abramowitz and Stegun, 1972).   

A piecewise constant baseline hazards model is defined by dividing follow-up time into 

10 intervals. For failure type 𝑑, follow-up time is divided equally into 10 intervals by 0.1 

quantile, with right endpoints denoted by 𝐺𝑄1
𝐷 , 𝐺𝑄2

𝐷 , … , 𝐺𝑄10
𝐷 . Additionally, 𝐺𝑄0

𝐷 = 0 or the 

smallest event time. The piecewise constant baseline hazard is thus 
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 λ̃01𝑙(𝑡) = 𝜆01𝑙 for 𝐺𝑄𝑙−1
𝐷 < 𝑡 ≤ 𝐺𝑄𝑙

𝐷,where 𝑙 = 1, 2, … ,10.  

The cumulative baseline hazard for failure type 1 is 

 Λ̃01(𝑡) =∑𝜆01𝑙max(0,min(𝐺𝑄𝑙
𝐷 − 𝐺𝑄𝑙−1

𝐷 , 𝑡 − 𝐺𝑄𝑙−1
𝐷 ))

10

𝑙=1

 (4.9) 

Following the same procedure, the follow-up time for failure type 2 is divided into 10 intervals: 

𝐺𝑄1
𝐿 , 𝐺𝑄2

𝐿 , … , 𝐺𝑄10
𝐿 .  Additionally, 𝐺𝑄0

𝐿 = 0 or the smallest event time. Similarly, we have 

 λ̃02𝑙(𝑡) = 𝜆02𝑙 for 𝐺𝑄𝑙−1
𝐷 < 𝑡 ≤ 𝐺𝑄𝑙

𝐷,where 𝑙 = 1, 2, … ,10,  

and 

 Λ̃02(𝑡) = ∑ 𝜆02𝑙max(0,min(𝐺𝑄𝑙
𝐷 − 𝐺𝑄𝑙−1

𝐷 , 𝑡 − 𝐺𝑄𝑙−1
𝐷 ))10

𝑙=1 . (4.10) 

The likelihood for the survival sub-model is thus 

 

𝐿 = ∏
𝑛=1

𝑁

∫𝑢𝑛
∏
𝑑=1

𝑔

{[exp(𝑍𝑛(𝑡)
𝑇𝛾𝑑 + 𝜈𝑑𝑢𝑛)�̃�0𝑑(𝑡)]

× exp (−∫0
𝑇𝑛
[exp(𝑍𝑛(𝑡)

𝑇𝛾𝑑 + 𝜈𝑑𝑢𝑛)�̃�0𝑑])} 𝑑𝑢𝑛 

(4.11) 

The resulting likelihood can then be approximated by Gaussian-Hermite quadrature over the 

random effects 𝑢𝑛. 

The likelihood function for the joint model in this aim 𝐿(Ψ∗; 𝑌, 𝐶, 𝑎∗) (given in (4.7)) can 

be evaluated using a combination of numerical optimization (using the “optim” function in R) 

and Gaussian-Hermite quadrature, along with an application of the EM algorithm. The “optim” 

function is used for general-purpose optimization and applies the Nelder-Mead algorithm. In 

order to maximize the likelihood function for the CTMC sub-model and the survival sub-model, 

the negative log likelihood was minimized in parts until it converged to a joint minimum (see the 
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following 3 steps). The integration of the random effects 𝑒𝑛 in the CTMC sub-model and 𝑢𝑛 in 

the survival sub-model can then be approximated with Gaussian-Hermite quadrature, using a 

weighted average of the integrand assessed at 𝑄 predetermined quadrature points. The 

approximate joint likelihood function in (4.11) can be written as  

 

�̂�(Ψ∗; 𝑌, 𝐶, 𝑎∗) = ∏
𝑛=1

𝑁

∑
𝑞

𝑄

{∏ ∑ 𝑃𝑖,𝑗,𝑛,𝑞(𝑡𝑛,𝑟 − 𝑡𝑛,𝑟−1)
𝐼(𝑌𝑛,𝑟−1=𝑖)𝐼(𝑌𝑛,𝑟=𝑗)}𝑖,𝑗

𝑅
𝑟=2 ×

{ ∏
𝑑=1

𝑔

𝜆𝑑(𝑡; 𝑍𝑛(𝑡), 𝛾𝑑, 𝜈𝑑 , 𝑢𝑛,𝑞)} 𝜋(𝑒𝑛,𝑞 , 𝑢𝑛,𝑞 , Σ)𝑤𝑞, 

(4.12) 

where the transition probability 𝑃𝑖,𝑗,𝑛(𝑡) from section 4.2.2 is evaluated as and denoted as 

𝑃𝑖,𝑗,𝑛,𝑞(𝑡) at 𝑞 = 1,2, … , 𝑄 predetermined Gaussian-Hermite quadrature points. 𝑃𝑖,𝑗,𝑛,𝑞(𝑡)  is a 

function of the instantaneous transition rate 𝑞𝑖,𝑗,𝑛,𝑞,  formulated as a function of fixed and 

random effects, giving 

 𝑞𝑖,𝑗,𝑛,𝑞 = exp (𝜃𝑖,𝑗
(2)

+ 𝑋𝑛
(2)𝑇

𝛽𝑖,𝑗
(2)

+ 𝐺𝑖,𝑗𝑒𝑛,𝑞). (4.13) 

Additionally, the survival hazard 𝜆𝑑 is the same as the hazard function from Section 4.2.3, and 𝜋 

is the normal prior associated with the quadrature points 𝑒𝑛,𝑞 and 𝑢𝑛,𝑞 from Section 4.2.4.  

           The fitting procedures iteratively loops through the following three steps.   

 Step 1 (maximization of the CTMC sub-model likelihood): 

We maximize �̂�(Ψ∗) with respect to 𝜃𝑖,𝑗
(2)
, 𝛽𝑖,𝑗

(2)
 and 𝐺𝑖,𝑗, conditional on fixed values of 

𝛾𝑑, 𝑣𝑑 and Σ (𝑑 = 1, … , 𝑔), and quadrature points, 𝑒𝑛,𝑞 and 𝑢𝑛,𝑞. 

In this step, 𝑞𝑖,𝑗,𝑛,𝑞 is set as 𝑞𝑖,𝑗,𝑛,𝑞 = exp(𝜃𝑖,𝑗
(2)

+ (𝑋𝑛
(2)
)𝑇𝛽𝑖,𝑗

(2)
+ 𝐺𝑖,𝑗𝑒𝑛,𝑞 + 𝑐𝑛,𝑞), where 
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𝑐𝑛,𝑞 = log ∏
𝑑=1

𝑔

𝜆𝑑(𝑡; 𝑍𝑛(𝑡), 𝛾𝑑, 𝜈𝑑 , 𝑢𝑛)𝜋(𝑒𝑛,𝑞 , 𝑢𝑛,𝑞 , Σ). The likelihood function of the 

CTMC sub-model can be written as  

  

𝐿(𝜃𝑖,𝑗
(2), 𝛽𝑖,𝑗

(2), 𝐺𝑖,𝑗

=∏∑exp(𝑐𝑛,𝑞) {∏∏𝑃𝑖,𝑗,𝑛,𝑞(𝑡𝑛,𝑟
𝑖,𝑗

𝑅

𝑟=2

𝑄

𝑞

𝑁

𝑛=1

− 𝑡𝑛,𝑟−1)
𝐼(𝑌𝑛,𝑟−1=𝑖)𝐼(𝑌𝑛,𝑟=𝑗)} 

(4.14) 

where 𝑃𝑖,𝑗,𝑛,𝑞.is a function of 𝑞𝑖,𝑗,𝑛,𝑞. The “optim” function in R was used to maximize 

𝐿(𝜃𝑖,𝑗
(2)
, 𝛽𝑖,𝑗

(2)
, 𝐺𝑖,𝑗) conditional on the 𝑘𝑞 “weights” exp(𝑐𝑛,𝑞) using the Nelder-Mead 

algorithm. 

 Step 2 (optimization of the survival sub-model likelihood) 

In this step, we maximize �̂�(Ψ∗) with respect to 𝛾𝑑 and 𝑣𝑑, conditional on fixed values of 

𝜃𝑖,𝑗
(2)
, 𝛽𝑖,𝑗

(2)
, 𝐺𝑖,𝑗, and Σ, and quadrature points, 𝑒𝑛,𝑞 and 𝑢𝑛,𝑞. 

The joint likelihood is approximated as  

�̂�(𝛾𝑑, 𝑣𝑑) = ∏ ∑ 𝑤𝑛,𝑞 × {∏𝜆𝑑(𝑡; 𝑍𝑛(𝑡), 𝛾𝑑, 𝜈𝑑 , 𝑢𝑛)
𝑑=1

𝑔

}𝑄
𝑞=1 𝜋(𝑒𝑛,𝑞, 𝑢𝑛,𝑞, Σ),

𝑁
𝑛=1   

where 𝑤𝑛,𝑞 = ∏
𝑟=2

𝑅

∏
𝑖,𝑗
𝑃𝑖,𝑗,𝑛,𝑞(𝑡𝑛,𝑟 − 𝑡𝑛,𝑟−1)

𝐼(𝑡𝑛,𝑟−1=𝑖)𝐼(𝑡𝑛,𝑟=𝑗)𝜋(𝑒𝑛,𝑞 , 𝑢𝑛,𝑞 , Σ). 

The “optim” function in R is used to optimize �̂�(𝛾𝑑, 𝑣𝑑) conditional on 𝑘𝑞 “weights” 
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𝑤𝑛,𝑞 using the Nelder-Mead algorithm. 

 Step 3 (optimization of the prior component) 

In this step, we maximize �̂�(𝜃𝑖,𝑗
(2)
, 𝛽𝑖,𝑗

(2)
, 𝐺𝑖,𝑗, 𝛾𝑑, 𝑣𝑑) with respect to Σ, conditional on fixed 

values of 𝜃𝑖,𝑗
(2)
, 𝛽𝑖,𝑗

(2)
, 𝐺, 𝛾𝑑, and 𝑣𝑑 We constrainΣ so that 𝑒𝑛 and 𝑢𝑛 follow a multivariate 

normal distribution with mean (
0
0
) and covariance matrix (

1 𝜌
𝜌 1

).  Since there are 

coefficients on all random effects, this constraint makes the parameters estimable.  The 

𝑘𝑞 fixed values of  

{ ∏
𝑟=2

𝑅

∏
𝑠𝑖,𝑗
[𝑃𝑖,𝑗,𝑛,𝑞(𝑡𝑛,𝑟 − 𝑡𝑛,𝑟−1)

𝐼(𝑌𝑛,𝑟−1=𝑖)𝐼(𝑌𝑛,𝑟=𝑗)} ∏
𝑑=1

𝑔

𝜆𝑑(𝑡; 𝑍𝑛(𝑡), 𝛾𝑑, 𝜈𝑑 , 𝑢𝑛) 

are calculated as in step 1 and step 2. To optimize the likelihood in estimating 𝛴, the EM 

algorithm (N. Li et al., 2010) was used.  

The expected value of 𝑒𝑛,𝑞 is given as 

𝐸(𝑒𝑛,𝑞)

=∑
e𝑛,𝑞

{∏𝑟=2
𝑅 ∏𝑖,𝑗[𝑃𝑖,𝑗,𝑛,𝑞(𝑡𝑛,𝑟 − 𝑡𝑛,𝑟−1)

𝐼(𝑌𝑛,𝑟−1=𝑖)𝐼(𝑌𝑛,𝑟=𝑗)} × {∏𝑑=1
𝑔

𝜆𝑑(𝑡; 𝑍𝑛(𝑡), 𝛾𝑑, 𝜈𝑑 , 𝑢𝑛)}𝜋(𝑒𝑛,𝑞 , 𝑢𝑛,𝑞 , Σ)𝑛

 

The expected value of 𝑢𝑛,𝑞 is given as 

𝐸(𝑢𝑛,𝑞)

=∑
u𝑛,𝑞

{∏𝑟=2
𝑅 ∏𝑖,𝑗[𝑃𝑖,𝑗,𝑛,𝑞(𝑡𝑛,𝑟 − 𝑡𝑛,𝑟−1)

𝐼(𝑌𝑛,𝑟−1=𝑖)𝐼(𝑌𝑛,𝑟=𝑗)} × {∏𝑑=1
𝑔

𝜆𝑑(𝑡; 𝑍𝑛(𝑡), 𝛾𝑑, 𝜈𝑑 , 𝑢𝑛)}𝜋(𝑒𝑛,𝑞 , 𝑢𝑛,𝑞 , Σ)𝑛
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The expected value of 𝑒𝑛,𝑞𝑢𝑛,𝑞 is given as 

𝐸(𝑒𝑛,𝑞𝑢𝑛,𝑞)

=∑
𝑒𝑛,𝑞𝑢𝑛,𝑞

{∏𝑟=2
𝑅 ∏𝑖,𝑗[𝑃𝑖,𝑗,𝑛,𝑞(𝑡𝑛,𝑟 − 𝑡𝑛,𝑟−1)

𝐼(𝑌𝑛,𝑟−1=𝑖)𝐼(𝑌𝑛,𝑟=𝑗)} × {∏𝑑=1
𝑔

𝜆𝑑(𝑡; 𝑍𝑛(𝑡), 𝛾𝑑, 𝜈𝑑 , 𝑢𝑛)}𝜋(𝑒𝑛,𝑞 , 𝑢𝑛,𝑞 , Σ)𝑛

 

Using these values, we can express Σ𝑛𝑒𝑥𝑡 as 

Σ𝑛𝑒𝑥𝑡 =
∑ 𝐸(𝑒𝑛,𝑞𝑢𝑛,𝑞)𝑛

√(∑𝑛𝐸(𝑒𝑛,𝑞2 ))(∑𝑛𝐸(𝑢𝑛,𝑞2 ))
 

in the M step. 

4.3 Simulation Studies 

4.3.1 DESCRIPTION OF SIMULATION 

Several simulation studies based on two scenarios were conducted to examine the 

performance of the proposed methods. The data were generated from model (4.4) and (2.3) and a 

two-state CTMC. The two different scenarios were generated based on  two different correlated 

random effects distributions given in 4.6. 

Thus, the infinitesimal matrix 𝑄 is a 2 × 2 matrix given as 𝑄 = (
−𝑞12 𝑞12
𝑞21 −𝑞21

).  

The form of 𝑃(𝑡) is closed with the following solutions: 

𝑃11(𝑡) =
𝑞21

𝑞12+𝑞21
+

𝑞12

𝑞12+𝑞21
𝑒−(𝑞12+𝑞21)𝑡, 

𝑃12(𝑡) =
𝑞12

𝑞12+𝑞21
−

𝑞12

𝑞12+𝑞21
𝑒−(𝑞12+𝑞21)𝑡. 
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By symmetry, we have that 

𝑃21(𝑡) =
𝑞21

𝑞12+𝑞21
−

𝑞21

𝑞12+𝑞21
𝑒−(𝑞12+𝑞21)𝑡, 

𝑃22(𝑡) =
𝑞12

𝑞12+𝑞21
−

𝑞21

𝑞12+𝑞21
𝑒−(𝑞12+𝑞21)𝑡. 

The term 𝑞𝑖,𝑗has a functional form, which is given as 

𝑞12(𝑋𝑛
(2)
, 𝐻12, 𝜃12

(2)
, 𝛽12

(2)
, 𝑒𝑛) = exp(𝜃12

(2)
+ 𝑋𝑛

(2)𝑇
𝛽12
(2)

+ 𝐺12𝑒𝑛) 

𝑞21(𝑋𝑛
(2)
, 𝐻21, 𝜃21

(2)
, 𝛽21

(2)
, 𝑒𝑛) = exp(𝜃21

(2)
+ 𝑋𝑛

(2)𝑇
𝛽21
(2)

+ 𝐺21𝑒𝑛) 

𝑞11 = −𝑞12 

𝑞22 = −𝑞21. 

 

In the first scenario, the covariance matrix in 𝑎𝑛
∗  in 4.6 was given as (

1 ρ
ρ 1

), which 

suggested that the random effects 𝑒𝑛 in 𝑞12 and 𝑞21 were drawn from the same distribution. In 

the second scenario, covariance matrix in 𝑎𝑛
∗  in 4.6 was given as (

1 0 𝜌1
0 1 𝜌2
𝜌1 𝜌2 1

) , which suggests 

that the random effects 𝑒𝑛 in 𝑞12 and 𝑞21 were drawn from different distributions. The random 

effects in 𝑞12 and  𝑞21 are independent of each other but both are correlated with the random 

effects 𝑢𝑛 in the survival sub-model. 

In our simulation, the joint data were simulated with 𝑁 = 100 subjects. For each 

simulation dataset, parameter values along with the corresponding point estimates were 
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calculated for a complete CTMC, a truncated CTMC and a continuous time Markov chain joint 

model (CTMCJM) data. In the CTMC sub-model, the data are observed at times 𝑡 =

0, 0.5, 1, … , 4. The CTMC data with complete observations are referred to as the complete 

CTMC data. The covariate  𝑋𝑛
(2)

 is generated according to a Bernoulli distribution with 

probability equal to 0.45. The outcome for each individual is assumed to follow a continuous 

time Markov chain with 2 possible states. In the survival sub-model, 𝑍𝑛 follows a Bernoulli 

distribution with probability equal to 0.45. Two competing failure types are generated with 

𝜆01 = 0.15 and 𝜆02 = 0.25. The censoring time follows an exponential distribution with mean 5. 

The complete CTMC data which were truncated by survival sub data are referred to as the 

truncated CTMC data. In the first scenario, Gaussian-Hermite quadrature points 𝑒𝑛,𝑞 , and 𝑢𝑛,𝑞 

are generated from a multivariate normal distribution of the form given with 𝜌 = 0.5, 0.7, 0.9. In 

the second scenario, Gaussian-Hermit quadrature points 𝑒𝑛,𝑞 , and 𝑢𝑛,𝑞 are generated from a 

multivariate normal distribution of the form given with 𝜌1 = 0.8 and  𝜌2 = 0.3.  

Parameter values along with the corresponding point estimates calculated for a complete 

CTMC data, a truncated CTMC data, and a CTMCJM data are presented in Table 4.1. The 

simulated bias, standard error, the 95% CP, and mean standard error (MSE) are also shown in 

Table 4.1, 4.2, 4.3 and 4.4.  

4.3.2 SIMULATION RESULTS 

Table 4.1 presents the simulation results when the correlation coefficient in the 

association matrix is 0.9, which indicates that there is a strong association between the CTMC 

sub-model and the survival sub-model. In this case, the CTMCJM achieves less bias when 
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estimating 𝜃12 and the transition coefficients for the covariates compared to the truncated 

CTMC. For the estimation of 𝜃12, the CTMCJM gives a slightly larger bias than the truncated 

CTMC model, but the bias is still very small. The CTMCJM also produces smaller standard 

error, better coverage probability, and smaller MSE compared to the truncated CTMC model. 

This suggests that the proposed CTMCJM yields a relatively more accurate estimate of the 

covariates effects. For the correlation coefficient 𝜌, the CTMCJM is able to detect the positive 

correlation between the two sub-models.  

Table 4.5 presents the simulation results when the correlation coefficient of the 

association matrix is 0.7. Although the association between the two sub-models is less than in the 

previous case, we still obtain a smaller bias, smaller empirical standard errors, and better 

coverage probability on the estimates of 𝜃12 and 𝛽12. For the coefficient 𝛽21, smaller standard 

errors and better coverage probability are also be achieved by the CTMCJM. The bias is slightly 

larger in the CTMCJM compared to the Truncated CTMC model, but the bias from the 

CTMCJM and the truncated CTMC model are very close. 

Table 4.3 presents the simulation results when correlation coefficient of the association 

matrix is 0.5. Again, CTMCJM achieves less bias in the estimation of the covariates coefficients.  

Table 4.4 presents the simulation results when random effects in 𝑞21 and 𝑞21 were drawn 

from two independent distributions. Although the CTMCJM achieves a larger absolute bias 

compared to the truncated CTMC when estimating 𝜃12, the direction of the estimate is the same 

as the direction in the complete CTMC model.  

Results also suggest that when the positive association between the CTMC sub-model 

and the survival sub-model increases, the CTMCJM can produce relatively more accurate 
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estimates of the coefficients compared to the truncated CTMC. Overall, the CTMC joint model 

performs better than the truncated CTMC, with smaller bias, smaller standard error, smaller SME 

and larger coverage probability.  
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Table 4.1  The estimated values of the Association matrix Q with correlation coefficient 𝜌=0.9 

between the Markov chain and survival components. The complete CTMC 

estimates are based on the complete dataset without truncation due to death or LOF.  

The truncated CTMC results show biased estimates resulting from the truncation 

due to death and LOF.  The CTMCJM show the less biased estimates when the 

CTMC and survival models are jointly estimated with correlated random effects 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 Complete CTMC Truncated CTMC CTMCJM 

True value True 

value 

Bias SE CP MSE Bias SE CP MSE Bias SE CP MSE 

𝜌 0.9         -0.505 -.369 1 0.391 

CTMC 

sub-model              

𝜃12 -0.22 0.215 0.147 0.960 0.068 -0.094 0.437 0.940 0.200 0.079 0.423 0.978 0.185 

𝜃21 0.05 0.026 0.125 0.979 0.016 -0.030 0.313 0.933 -0.036 -0.036 0.480 0.978 0.185 

𝛽12 0.36 -0.160 0.289 0.959 0.109 -0.385 0.969 0.940 1.087 -0.294 0.829 0.978 0.773 

𝛽21 0.26 -0.163 0.225 0.957 0.077 -0.320 1.009 0.920 0.477 -0.186 0.861 0.957 0.776 

𝐺12 1.5         0.583 1.761 0.978 3.440 

𝐺21 0.8         0.477 1.392 0.913 2.167 

Survival 

sub-model              

𝛾12 0.8         -0.137 0.316 0.958 0.195 

𝛾21 0.5         -0.136 0.297 0.891 0.106 

𝑣12 2         1.316 0.447 0.938 1.932 

𝑣21 1.8         1.072 0.442 0.920 1.346 
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Table 4.2  The estimated values of the association matrix Q with correlation coefficient 𝜌=0.7 

between the Markov chain and survival components. The complete CTMC 

estimates are based on the complete dataset without truncation due to death or LOF.  

The truncated CTMC results show biased estimates resulting from the truncation 

due to death and LOF.  The CTMCJM show the less biased estimates when the 

CTMC and survival models are jointly estimated with correlated random effects 
 

 Complete CTMC Truncated CTMC CTMCJM 

True value True 

value 

Bias SE CP MSE Bias SE CP MSE Bias SE CP MSE 

𝜌 0.7         -0.418 0.623 1 0.567 

CTMC 

sub-model              

𝜃12 -0.22 0.251 0.156 0.940 0.087 0.094 0.429 0.920 0.193 -0.063 0.399 0.957 0.163 

𝜃21 0.05 0.057 0.123 0.959 0.018 0.076 0.406 0.960 0.171 0.153 0.3697 0.930 0.181 

𝛽12 0.36 -0.190 0.264 0.940 0.117 -0.366 0.623 0.935 0.522 -0.299 0.608 1 0.459 

𝛽21 0.26 -0.128 0.226 0.960 0.068 -0.152 0.544 0.915 0.319 -0.162 0.517 0.929 0.267 

𝐺12 1.5         1.171 1.734 0.938 4.376 

𝐺12 0.8         0.408 1.475 0.911 2.343 

Survival 

sub-model              

𝛾12 0.8         -0.184 0.237 0.957 0.090 

𝛾21 0.5         -0.209 0.339 0.960 0.159 

𝑣12 2         1.516 0.625 0.980 2.589 

𝑣21 1.8         0.990 0.429 0.959 1.164 
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Table 4.3  The estimated values of the association matrix Q with correlation coefficient 𝜌=0.5 

between the Markov chain and survival components. The complete CTMC 

estimates are based on the complete dataset without truncation due to death or LOF.  

The truncated CTMC results show biased estimates resulting from the truncation 

due to death and LOF.  The CTMCJM show the less biased estimates when the 

CTMC and survival models are jointly estimated with correlated random effects 
 

 Complete CTMC Truncated CTMC CTMCJM 

True value True 

value 

Bias SE CP MSE Bias SE CP MSE Bias SE CP MSE 

𝜌 0.5         0.433 0.638 1 0.594 

CTMC 

sub-model              

𝜃12 -0.22 0.196 0.153 0.958 0.062 0.117 0.392 0.960 0.167 0.181 0.444 0.913 0.230 

𝜃21 0.05 0.044 0.127 0.979 0.018 0.036 0.278 0.957 0.079 0.058 0.369 0.940 0.140 

𝛽12 0.36 -0.177 0.226 0.939 0.082 -0.237 0.498 0.958 0.304 -0.168 0.699 0.933 0.517 

𝛽21 0.26 -0.163 0.244 0.980 0.086 -0.116 0.471 0.933 0.236 0.063 0.504 0.960 0.299 

𝐺12 1.5         0.792 1.057 0.933 1.745 

𝐺21 0.8         0.309 1.108 0.978 1.323 

Survival 

sub-model              

𝛾12 0.8         -0.133 0.477 0.980 0.245 

𝛾21 0.5         -0.039 0.441 0.958 0.196 

𝑣12 2         1.450 0.494 0.980 2.346 

𝑣21 1.8         1.032 0.394 0.98 1.220 
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Table 4.4  The estimated values of the association matrix Q with correlation coefficient 

structures given with 𝜌1=0.8 and 𝜌1=0.3 between the Markov chain and survival 

components. The complete CTMC estimates are based on the complete dataset 

without truncation due to death or LOF.  The truncated CTMC results show biased 

estimates resulting from the truncation due to death and LOF.  The CTMCJM show 

the less biased estimates when the CTMC and survival models are jointly estimated 

with correlated random effects. 

  
 Complete CTMC Truncated CTMC CTMCJM 

True value True 

value 

Bias SE CP MSE Bias SE CP MSE Bias SE CP MSE 

𝜌1 0.8         0.003 0.011 0.956 0 

𝜌2 0.3         -0.004 0.030 0.956 0.001 

CTMC 

sub-model              

𝜃12 -0.22 0.164 0.164 0.971 0.054 -0.127 0.386 0.941 0.165 0.257 0.639 0.966 0.475 

𝜃21 0.05 0.04 0.136 0.956 0.02 0.045 0.437 0.971 0.193 0.531 0.775 0.933 0.883 

𝛽12 0.36 -0.134 0.241 0.956 0.076 -0.349 0.586 0.941 0.466 -0.161 0.886 0.934 0.811 

𝛽21 0.26 -0.142 0.236 0.985 0.076 -0.263 0.634 0.971 0.471 -0.109 0.835 0.934 0.709 

𝐺12 1.5         -1.027 0.506 0.969 1.311 

𝐺21 0.8         0.076 0.567 0.955 0.327 

Survival 

sub-model              

𝛾12 0.8         -0.263 0.251 0.922 0.132 

𝛾21 0.5         0.025 0.292 0.955 0.086 

𝑣12 2         -0.604 0.395 0.956 0.521 

𝑣21 1.8         -0.973 0.302 0.971 1.037 
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We also compared the log likelihood values between the proposed model and the baseline 

model. Figures 4.2 and 4.3 present the comparison between two models.  

From Figure 4.2, we observe that the CTMC only model yields a better model fit for the 

longitudinal sub-model, as compared to proportional odds model in the baseline approach. 

However, Figure 4.3 shows that CTMCJM is not able to achieve a better model fit compared to 

the baseline approach. More studies need to be done in the future. 

 

Figure 4.2 Log-likelihood comparison between the two longitudinal sub-models (using only 

the longitudinal model fits and with the joint model) 
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Figure 4.3  Log-likelihood comparison between the two joint models (using only the 

longitudinal models fit and with the joint model) 
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4.4 Application to the HEPESE Data 

In this section, we first illustrate the application of these models to the HEPESE by 

applying the CTMC model alone using the R package “msm”. 597 subjects were censored by the 

end of wave 5. In the analysis, no frailty is coded as 1, pre frailty is coded as 2, and frailty is 

coded as 3. After deleting observations with missing outcome, the final analysis data set contains 

1633 transitions. Distribution of transitions process among the three frailty level is presented in 

Table 4.5.  

Table 4.5  Transition distribution of frailty in the HEPESE data. The columns list the transitions, 

the per transitions type frequency, the per transition frequency as a percentages, the 

cumulative frequency and cumulative percentage transition frequencies 

Transition Frequency Percent Cumulative 

Frequency 

Cumulative 

Percent 

11 487 29.80 487 29.80 

12 323 19.77 810 49.57 

13 126 7.71 936 57.28 

21 253 15.48 1189 72.77 

22 180 11.08 1369 83.84 

23 103 6.30 1472 90.15 

31 53 3.24 1525 93.39 

32 71 4.35 1596 97.74 

33 37 2.26 1634 100.00 

 

In Table 4.5, transition “12” indicates that the subject is at no-frail state at the first 

observation, then has transitioned to the pre-frail state by the next observation. Over half of the 

baseline population start in the not frail state. Among this population, half of them stay at the 
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same state at the next observation. 34.5% of them worsen to the pre-frail state, and 13.5% of 

them skip the pre-frail state and transits to the frail state. Five hundred and thirty-nine (33%) 

subjects start in the pre-frail state. 47% of them recover to the no frail state while 19% of them 

move to frail state. One hundred and sixty one (9.8%) subjects are in the frail state at the first 

observation. Among this population, 77% of them move to the pre-frail state, or the not frail 

state, which suggests that majority of them get improved.  

Estimated transition intensities 𝑞𝑖𝑗, without adjusting for any covariate effect, as fit by the 

“msm” R package output, are presented in Table 4.6. 

Table 4.6  Estimated transition intensities of frailty in the HEPESE data that do not account 

for covariate effects 

Transition Transition intensities (95% CI) 

11 -1.77 (-2.71, -1.15) 

12 1.62 (0.98, 2.69) 

13 0.15 (0.02, 0.97) 

21 2.26 (1.41, 3.65) 

22 -3.09 (-4.56, -2.10) 

23 0.83 (0.43, 1.59) 

31 0.26 (0.03, 2.27) 

32 1.79 (1.06, 3.04) 

33 -2.05 (-3.10, 1.35) 

 

Transition intensities can be interpreted as the rate that frailty transitions from one state to 

another. We see that if patients are in the non frail state, they are more likely to develop to the 

pre frail state than to directly jump to frailty (transitions from state 1). From the pre-frail state, 

patients are more likely to recover than progress to frailty. Once in the frail state, patients are 

more likely to move to the pre-frail state instead of the not frail state.  
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Adding covariates to the model, however, made the fits less reliable. Table 4.7 lists the tr

ansition intensities and hazard ratios for stroke history. (All other models either did not converge 

or produced less reliable results.) 

Table 4.7  Estimated transition intensities of frailty in the HEPESE data after adjusting for 

stroke history 

Transitions Transition intensities (95% CI) Hazard ratio for stroke history (95% CI) 

11 -1.91 (-3.14, -1.16)  

12 1.82 (1.01, 3.30) 0.54 (0.15, 1.97) 

13 0.09 (0.02, 0.97) 1.40 (0, 4609) 

21 2.50 (1.41, 3.65) 0.33 (0.05, 2.16) 

22 -3.41 (-4.56, -2.10)  

23 0.91 (0.43, 1.59) 2.49 (0.14, 44.02) 

31 0.14 (0.03, 2.27) 0.77 (0, 1.78×107) 

32 1.92 (1.06, 3.04) 1.60 (0.08, 30.23) 

33 -2.06 (-3.10, -1.35)  

 

After adding stroke history the CTMC model, the transition intensities showed trends 

similar as the unadjusted intensities. The hazard for subjects with previous stroke history 

transiting from the not frail state to the pre-frail state is 46% lower than in subjects without 

previous stroke history. However, the estimates are not significant nor reliable, based on the 

large 95% confidence interval.  

Next, we applied the proposed CTMCJM to the HEPESE data and compared the results 

to those obtained from the “msm” package implementing the using CTMC only model. 
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Table 4.8  Comparison of the estimated transition intensities from the CTMC model and 

CTMCJM of the HEPESE data after adjusting for stroke history 

 CTMC only CTMCJM 

Transitions Transition 

intensities  

(95% CI) 

Hazard ratio for 

stroke history  

(95% CI) 

Transition  

intensities 

 

Hazard ratio for 

stroke history 

11 -1.91 (-3.14, -1.16)  -1.71  

12 1.82 (1.01, 3.30) 0.54 (0.15, 1.97) 1.65 0.63 

13 0.09 (0.02, 0.97) 1.40 (0, 4609) 0.06 0.94 

21 2.50 (1.41, 3.65) 0.33 (0.05, 2.16) 1.93 0.41 

22 -3.41 (-4.56, -2.10)  -2.85  

23 0.91 (0.43, 1.59) 2.49 (0.14, 44.02) 0.92 0.99 

31 0.14 (0.03, 2.27) 0.77 (0, 1.78*107) 0.10 0.56 

32 1.92 (1.06, 3.04) 1.60 (0.08, 30.23) 1.44 0.86 

33 -2.06 (-3.10, -1.35)  -1.54  

𝜌   0.99  

 

Results from CTMCJM shows similar trends in the estimation of the transition 

intensities. The point estimates tend to be smaller than CTMC only model after adjusting stroke 

history. Still, if patients are in the not frail state, they are more likely to develop to the pre-frail 

state than to directly jump to the frail state (transitions from state 1). After pre-frail state, patients 

are more likely to recover than progress to frailty. From the frail state, patients are more likely to 

move to the pre-frail state than to the not frail state.  

In this application of out model, point estimates can be obtained. However, the output of 

our program shows the Hessian matrix is singular, which suggests that the model may fit the data 

less reliably and we are unable to estimate standard errors and 95% CI.  

4.5 Discussion and Conclusion 

In this chapter, we applied the same correlated random effects linkage mechanism for 

joint modeling as in Chapter 2. In this case, the longitudinal data is modeled as a continuous time 
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Markov chain process in order to study transition probabilities among different states, as well as 

to estimate the effects of covariates on those probabilities. Importantly, Markov chain models are 

able to characterize the transition the disease across all follow-up time points. Continuous time 

Markov chains have a wide application in accurately describing certain diseases or health 

conditions, for which clinicians are interested in the transitions and trajectories among different 

states across time.  In particular, they allow for the possibility that progression can happen in 

various directions. 

We show that use of the CTMCJM achieves more accurate estimates than of the baseline 

transition probabilities and covariate effects, when the association between the CTMC sub-model 

and the survival sub-model is large. Simulation studies also suggest that estimation accuracy 

increases when the association is larger.  

Application of the CTMC only model to the HEPESE data tells us how subjects 

transitioned among different frailty states across the time of the study. For example, after 

adjusting the stroke history, subjects starting at the not frail state are more likely to transit to the 

pre-frail instead of to the frailty state. Subjects in the pre frail state are more likely to improve 

rather than worsen to the frail state. The hazard for subjects with stroke history to transit from the 

not frail to pre-frail is lower than for subjects without stroke history. Subjects with stroke history 

are less likely to recover from the pre frail state to the not frail state. However, these trends are 

not significant.  

Although we achieved better performance, such as less bias and smaller standard errors, 

there are some limitations in the CTMCJM. First, there is no current model diagnostic to check 

the separate model assumption that 𝜌 = 0 which determines if a joint model is needed. Second, 
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the interpretation of the correlation of covariates effect between two sub-models is challenging. 

For example, as 1 unit of age increases, both the transition rate and the hazards will be affected. 

However, it is not clear how the correlation among those coefficients is interpreted? Third, in the 

CTMC sub-model, we assume that the longitudinal outcome follows the Markov property, which 

states that the distribution of states is explained completely by the most recent state value. 

However, it is difficult to test the Markov assumption, especially with health related outcomes. 

For frailty, the likelihood of a subsequent state may be dependent not only on the immediate 

previous state. Thus, second-order Markov chain models may be needed. Finally, there was lack 

of convergence robustness when we applied the proposed CTMCJM to the HEPESE data, which 

may be explained by identifiability issues. This model needs to be improved to solve the 

convergence problem.  
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CHAPTER 5 COMPARISON WITH AVAILABLE SOFTWARE 

In this chapter, we compare the results for our models to those from the models in the 

“JM” package in R (available from CRAN at http://CRAN.R-project.org/package=JM) when 

applied to the HEPESE dataset. The reason we chose this package is that it allows for competing 

risks in the time-to-event sub-model.  

5.1 JM Package in R 

The JM package was developed by Dimitris Rizopoulos. A linear mixed model is used to 

characterize the longitudinal outcome: 

 𝑦𝑖(𝑡) = 𝑥𝑖
⊤(𝑡)𝛽 + 𝑧𝑖

⊤(𝑡)𝑏𝑖 + 𝜖𝑖(𝑡), (5.1) 

Where 𝑏𝑖 ∼ 𝑁(0, 𝐷), 𝜖𝑖(𝑡) ∼ 𝑁(0, 𝜎2). 𝑦𝑖(𝑡) is the longitudinal outcome value for subject 𝑖 at 

time 𝑡. The longitudinal covariate 𝑥𝑖(𝑡) relates to the outcome through the fixed effect 

coefficient𝛽. The error term 𝜖𝑖 is independent from 𝑏𝑖.  

The relative risk model of survival events is of this form 

 ℎ𝑖(𝑡|𝑀𝑖(𝑡), 𝑤𝑖) = 

lim
𝑑𝑡→0

𝑃𝑟(𝑡 ≤ 𝑇𝑖
∗ < 𝑡 + 𝑑𝑡|𝑇𝑖

∗ ≥ 𝑡,𝑀𝑖(𝑡), 𝑤𝑖)/𝑑𝑡 = ℎ0(𝑡)exp(𝛾
⊤𝑤𝑖 + 𝛼𝑚𝑖(𝑡)), 

(5.2) 

where 𝑀𝑖(𝑡) = 𝑚𝑖(𝑠), 0 ≤ 𝑠 < 𝑡, denotes the history of true and unobserved longitudinal 

activity up to time point 𝑡. The term 𝑚𝑖(𝑡) is introduced, representing the true and unobserved 

longitudinal outcome at time 𝑡 for subject 𝑖. Note that here 𝑚𝑖(𝑡) is different from 𝑦𝑖(𝑡), since 

𝑦𝑖(𝑡) contains the measurement error. The baseline risk ℎ0(𝑡) is the same as 𝜆0 from the 

http://cran.r-project.org/package=JM
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previous chapters. The coefficient 𝛾 relates the outcome to the longitudinal covariates 𝑤𝑖(𝑡); 

similarly, 𝛼 is the corresponding coefficient for the true longitudinal process 𝑚𝑖(𝑡). 𝑇𝑖
∗ is the 

event time for subject 𝑖, and the event indicator is given by 𝛿𝑖 = 𝐼(𝑇𝑖
∗ ≤ 𝐶𝑖), where 𝐼(⋅) is the 

indicator function. 

The longitudinal sub-model and the survival sub-model are linked under the assumption 

that the same random effect 𝑏𝑖 underlies both the longitudinal and survival processes. This 

means that these random effects account for both the association between the longitudinal and 

event outcomes, and the correlation between the repeated measurements in the longitudinal 

process. Maximum likelihood estimation is used to estimate the coefficients from the joint 

likelihood function 

 𝑙(𝑇𝑖, 𝛿𝑖, 𝑦𝑖|𝑏𝑖; 𝜃) = 𝑙(𝑇𝑖, 𝛿𝑖|𝑏𝑖; 𝜃)𝑙(𝑦𝑖|𝑏𝑖; 𝜃), (5.3) 

where 𝜃 = (𝜃𝑡
⊤, 𝜃𝑦

⊤, 𝜃𝑏
⊤)⊤ denotes the full model parameter vector, with 𝜃𝑡 denoting the 

parameters for survival outcome, 𝜃𝑦 
the parameters for the longitudinal outcomes, and 𝜃𝑏 

the 

unique parameters for the random-effects covariance matrix. The full likelihood is the product of 

the two components: the likelihood function of the survival sub-model and the likelihood 

function of the longitudinal sub-model.   

In Rizopoulos et al.’s (2010) approach, the survival and longitudinal sub-models share 

the same random effects 𝑏𝑖; this type of joint model is known as the shared joint model. This 

differs from the model we established in Aim 1 in terms of the treatment of the two random 
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effects in the sub-models.  In the Chapter 2 model of Li et al. (2010), the random effects are not 

necessarily the same, but rather correlated.  

In order to apply this package, we treated the longitudinal outcome, frailty, as a 

continuous variable. In the longitudinal sub-model, BMI and diabetes history were included as 

covariates since these two variables were the most significant effects in the separate longitudinal 

model. Age and diabetes history were included in the survival sub-model. The results are 

presented in Table 5.1. 
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Table 5.1  Comparison of the covariates effect from the baseline mode, separate models, and 

the JM package of the HEPESE data. Age and diabetes history are included in the 

longitudinal sub-model. BMI and diabetes history are included in the survival sub-

model. Point estimates and standard error are included in the results. 

Table 5.1a  Comparison results for linear longitudinal outcome 

Models Li’s joint model 

for linear 

longitudinal 

outcome 

Separate model JM package 

Longitudinal outcome  “ordinal”  

Age 0.0378 (0.0053) 0.0763 (0.0081) ‡ 0.0229 (0.0026) ‡ 

Diabetes history 1.7092 (0.1300) 0.3500 (0.1060) ‡ 0.1379 (0.0279) ‡ 

Survival outcome  “survival”  

Risk 1 (death)    

BMI -0.0549 (0.0092) -0.0084(0.0079) ‡ -0.0459 (0.0093) ‡ 

Diabetes history 1.3006 (0.1484) 0.6337 (0.0833) 0.1060 (0.1999) 

Risk 2 (LOF)    

BMI 0.0088 (0.0082) 0.0510 (0.0076) ‡ 0.0601 (0.0115) ‡ 

Diabetes history 0.4936 (0.1856) 0.2084 (0.0985)† -0.4802 (0.1306) † 

†: <0.05; ‡: <0.0001. 
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Table 5.1b.  Comparison results for ordinal longitudinal outcome 

Models Li’s joint model 

for ordinal 

longitudinal 

outcome 

Separate model JM package 

Longitudinal outcome  “ordinal”  

Age 0.0615 (0.0089) ‡ 0.0763 (0.0081) ‡ 0.0229 (0.0026) ‡ 

Diabetes history 0.3501 (0.1075) ‡ 0.3500 (0.1060) ‡ 0.1379 (0.0279) ‡ 

Log likelihood  -4577.45  

Survival outcome  “survival”  

Risk 1 (death)    

BMI -0.0553 (0.0093) ‡ -0.0084(0.0079)  -0.0459 (0.0093) ‡ 

Diabetes history 0.4909 (0.1063) ‡ 0.6337 (0.0833) ‡ 0.1060 (0.1999) 

Log likelihood  -7880.638  

Risk 2 (LOF)    

BMI 0.0124 (0.0080) 0.0510 (0.0076) ‡ 0.0601 (0.0115) ‡ 

Diabetes history -0.0135 (0.1032) 0.2084 (0.0985)† -0.4802 (0.1306) † 

Log likelihood -12455.708 -7829.784 -9688.097 

†: <0.05; ‡: <0.0001. 

 

To compare with the analysis of the separate outcomes, the R package “ordinal” was used 

for the longitudinal model and the package “survival” was used to model the survival outcome. 
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In order to obtain an interpretable comparison with results from JM package, we included the 

same covariates in these other models as we did in the joint models.  

From the JM package output, we see that both age and diabetes history showed 

significant effects on the longitudinal outcome, frailty. With one unit increase in age, the 

cumulative odds of transitioning to frailty increase by 2%. For patients who were diagnosed with 

diabetes, the odds of transitioning to frailty status are 15% larger than for those who were not 

diagnosed with diabetes. By comparison, the values of these odds are 7% and 42% in the 

separate model, and 6% and 42% in our baseline model from Chapter 2.   

In the fitted survival sub-model, BMI showed a significant effect on the hazard of death. 

With a one unit decrease in BMI, the hazard for death goes up 4%. However, diabetes history 

does not have a significant influence on the hazard of death. In the survival only model, diabetes 

history significantly increased the hazard of death by 88% while BMI showed no significant 

effects. In the Chapter 2 baseline model, both factors affect the hazard of death significantly. For 

comparison, in that model, the effect of BMI on death as a 5% decrease with each unit of BMI 

increase, and patients with a history of diabetes showed a 63% increase in the event hazard.  

For the second competing event, LOF, as BMI increases, patients are more likely to be 

LOF. Patients with diabetes history are less likely to be LOF. This result is different from the 

survival only model, where diabetes history increases the hazard of LOF. The other factor, BMI, 

shows a similar trend as compared to the JM package result.  

Finally, we compared the log likelihood among these models. The log-likelihood value 

that the baseline approach produced is -12455.708, which is smaller than that is given by the JM 
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package in R. This may suggest that the JM package achieves a better fit than the baseline 

approach. However, the JM package is used for longitudinal linear outcomes instead of ordinal 

outcomes.  
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CHAPTER 6 FUTURE RESEARCH 

In this dissertation, we first applied a joint model linking the Cause-specific Hazards 

Model for competing risks survival analysis with a model for longitudinal ordinal measurements 

through a joint random effects structure, in order to analyze frailty development in the HEPESE 

data. This model is set as the baseline approach. Second, we extended the baseline approach to a 

LVCF joint model. Third, we developed a joint model linking the CTMC sub-model for 

longitudinal measurements and a survival sub-model. Finally, we compared the results of 

baseline approach to those obtained using available software. In this chapter, we discuss 

potential extensions for future work in this area. 

The LVCF joint model is a fairly simple approach to incorporating prior history into the 

survival sub-model.  For this reason, we propose some extensions. In our method, only previous 

wave disease status is added to the survival sub-model. A recently published manuscript by Cao 

et al. (2015) proposes a novel method for analyzing the proportional hazards models with sparse 

longitudinal covariates, using a kernel smooth estimate of the covariate value. We propose 

adopting their method, in which the kernel estimate (half kernel smoothing) can be applied to 

incorporate previous wave history (not only the immediate previous disease status) in the 

survival sub-model. Their proposal focuses on continuous covariates; our approach would 

generalize this to categorical and ordinal covariates.  As a result, more information related to 

disease status history could be considered in the joint model survival component. 

Secondly, in the CTMC joint model, the computation time for a sample size of 100 with 

50 Monte Carlo samples using an Intel i5-650 processor (3.2 GHz, 32.0 GB RAM) is 24 hours.  

Part of this time burden is a function of reliance on the simplest optimization approaches without 
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regard to analytic gradient information or acceleration methods for the iterative optimization 

procedures.  Careful consideration and implementation of these improvements could potentially 

greatly improve computational efficiency and the speed of convergence. 

Finally, the HEPESE data used in the study is restricted to observations from wave 2 to 

wave 5 (1995-2005). More data is continually being gathered in the HEPESE study series. The 

latest available data is wave 8 collected in 2012-2013. We propose to include more recent 

HEPEPSE data in the study in order to capture up-to-date key health conditions and frailty 

conditions in the Hispanic population.  Making this expansion feasible requires improvement in 

computational efficiency as outlined earlier in this section. 

 

 



 

 

Bibliography 

Al Snih, S., Graham, J. E., Ray, L. A., Samper-Ternent, R., Markides, K. S., & Ottenbacher, K. 

J. (2009). Frailty and incidence of activities of daily living disability among older 

Mexican Americans. Journal of Rehabilitation medicine, 41(11), 892-897.  

 

Andrinopoulou, E.-R., Rizopoulos, D., Takkenberg, J. J., & Lesaffre, E. (2017). Combined 

dynamic predictions using joint models of two longitudinal outcomes and competing risk 

data. Statistical Methods in Medical Research, 26(4), 1787-1801.  

 

Asar, Ö., Ritchie, J., Kalra, P. A., & Diggle, P. J. (2015). Joint modelling of repeated 

measurement and time-to-event data: an introductory tutorial. International journal of 

epidemiology, 44(1), 334-344.  

 

Baghfalaki, T., Ganjali, M., & Berridge, D. (2014). Joint modeling of multivariate longitudinal 

mixed measurements and time to event data using a Bayesian approach. Journal of 

Applied Statistics, 41(9), 1934-1955.  

 

Barton, C. A., McMillian, W. D., Osler, T., Charash, W. E., Igneri, P. A., Brenny, N. C., . . . 

Fortune, J. B. (2012). Anticoagulation management around percutaneous bedside 

procedures: Is adjustment required? Journal of Trauma and Acute Care Surgery, 72(4), 

815-820. doi:10.1097/TA.0b013e31824fbadf 

 

Bergman, H., Ferrucci, L., Guralnik, J., Hogan, D. B., Hummel, S., Karunananthan, S., & 

Wolfson, C. (2007). Frailty: an emerging research and clinical paradigm—issues and 

controversies. The Journals of Gerontology Series A: Biological Sciences and Medical 

Sciences, 62(7), 731-737.  

 

Cao, H., Churpek, M. M., Zeng, D., & Fine, J. P. (2015). Analysis of the Proportional Hazards 

Model With Sparse Longitudinal Covariates. Journal of the American Statistical 

Association, 110(511), 1187-1196.  

 

Chen, L. M., Ibrahim, J. G., & Chu, H. (2011). Sample size and power determination in joint 

modeling of longitudinal and survival data. Statistics in medicine, 30(18), 2295-2309.  

 

Colby, S. L., & Ortman, J. M. (2015). Projections of the Size and Composition of the US 

Population: 2014 to 2060. US Census Bureau, Ed, 25-1143. 

  

Diggle, P. J., Sousa, I., & Chetwynd, A. G. (2008). Joint modelling of repeated measurements 

and time-to-event outcomes: the fourth Armitage lecture. Statistics in medicine, 27(16), 

2981-2998.  



 

101 

 

 

Elashoff, R. M., Li, G., & Li, N. (2007). An approach to joint analysis of longitudinal 

measurements and competing risks failure time data. Statistics in medicine, 26(14), 2813-

2835.  

 

Elashoff, R. M., Li, G., & Li, N. (2008). A joint model for longitudinal measurements and 

survival data in the presence of multiple failure types. Biometrics, 64(3), 762-771.  

 

Fried, L. P., Ferrucci, L., Darer, J., Williamson, J. D., & Anderson, G. (2004). Untangling the 

concepts of disability, frailty, and comorbidity: implications for improved targeting and 

care. The Journals of Gerontology Series A: Biological Sciences and Medical Sciences, 

59(3), M255-M263.  

 

Fried, L. P., Tangen, C. M., Walston, J., Newman, A. B., Hirsch, C., Gottdiener, J., . . . Burke, G. 

(2001). Frailty in older adults evidence for a phenotype. The Journals of Gerontology 

Series A: Biological Sciences and Medical Sciences, 56(3), M146-M157.  

 

Ghisletta, P. (2008). Application of a joint multivariate longitudinal–survival analysis to examine 

the terminal decline hypothesis in the Swiss Interdisciplinary Longitudinal Study on the 

oldest old. The Journals of Gerontology Series B: Psychological Sciences and Social 

Sciences, 63(3), P185-P192.  

Gill, T. M., Gahbauer, E. A., Allore, H. G., & Han, L. (2006). Transitions between frailty states 

among community-living older persons. Archives of Internal Medicine, 166(4), 418-423.  

 

Gill, T. M., Gahbauer, E. A., Han, L., & Allore, H. G. (2011). The relationship between 

intervening hospitalizations and transitions between frailty states. Journals of 

Gerontology Series A: Biomedical Sciences and Medical Sciences, 66(11), 1238-1243.  

 

Godil, A., DeGuzman, L., Schilling, R. C., 3rd, Khan, S. A., & Chen, Y. K. (2000). Recent 

nonsteroidal anti-inflammatory drug use increases the risk of early recurrence of bleeding 

in patients presenting with bleeding ulcer. Gastrointestinal Endoscopy, 51(2), 146-151.  

 

Graham, J. E., Snih, S., Berges, I. M., Ray, L. A., Markides, K. S., & Ottenbacher, K. J. (2009). 

Frailty and 10-year mortality in community-living Mexican American older adults. 

Gerontology, 55(6), 644-651.  

 

Guedj, J., Thiébaut, R., & Commenges, D. (2011). Joint modeling of the clinical progression and 

of the biomarkers' dynamics using a mechanistic model. Biometrics, 67(1), 59-66.  

 

He, B., & Luo, S. (2016). Joint modeling of multivariate longitudinal measurements and survival 

data with applications to Parkinson’s disease. Statistical Methods in Medical Research, 

25(4), 1346-1358.  

 



 

102 

 

Henderson, R., Diggle, P., & Dobson, A. (2000). Joint modelling of longitudinal measurements 

and event time data. Biostatistics, 1(4), 465-480.  

 

Hickey, G. L., Philipson, P., Jorgensen, A., & Kolamunnage-Dona, R. (2016). Joint modelling of 

time-to-event and multivariate longitudinal outcomes: recent developments and issues. 

BMC Medical Research Methodology, 16(1), 117.  

 

Hosmer, D. W., Lemeshow, S., & May, S. (2011). Applied survival analysis: Wiley Blackwell. 

 

Ibrahim, J. G., Chen, M.-H., & Sinha, D. (2004). Bayesian methods for joint modeling of 

longitudinal and survival data with applications to cancer vaccine trials. Statistica Sinica, 

863-883.  

 

Ibrahim, J. G., Chu, H., & Chen, L. M. (2010). Basic concepts and methods for joint models of 

longitudinal and survival data. Journal of Clinical Oncology, 28(16), 2796-2801.  

 

Jaffa, M. A., Gebregziabher, M., & Jaffa, A. A. (2014). A Joint Modeling Approach for Right 

Censored High Dimensional Multivariate Longitudinal Data. Journal of biometrics & 

biostatistics, 5(4).  

 

Jaffa, M. A., Woolson, R. F., & Lipsitz, S. R. (2011). Slope estimation for bivariate longitudinal 

outcomes adjusting for informative right censoring by using a discrete survival model: 

application to the renal transplant cohort. Journal of the Royal Statistical Society: Series 

A (Statistics in Society), 174(2), 387-402.  

 

Klein, J. P., & Moeschberger, M. L. (2005). Survival analysis: techniques for censored and 

truncated data: Springer Science & Business Media. 

 

Lawrence Gould, A., Boye, M. E., Crowther, M. J., Ibrahim, J. G., Quartey, G., Micallef, S., & 

Bois, F. Y. (2015). Joint modeling of survival and longitudinal non‐survival data: current 

methods and issues. Report of the DIA Bayesian joint modeling working group. Statistics 

in medicine, 34(14), 2181-2195.  

 

Li, N., Elashoff, R. M., Li, G., & Saver, J. (2010). Joint modeling of longitudinal ordinal data 

and competing risks survival times and analysis of the NINDS rt‐PA stroke trial. 

Statistics in medicine, 29(5), 546-557.  

 

Li, Y. P., & Chan, W. (2006). Analysis of longitudinal multinomial outcome data. Biometrical 

journal, 48(2), 319-326.  

 

Lin, H., McCulloch, C. E., & Mayne, S. T. (2002). Maximum likelihood estimation in the joint 

analysis of time‐to‐event and multiple longitudinal variables. Statistics in medicine, 

21(16), 2369-2382.  

 



 

103 

 

Little, R. J. (1995). Modeling the drop-out mechanism in repeated-measures studies. Journal of 

the American Statistical Association, 90(431), 1112-1121.  

 

Liu, L., & Huang, X. (2008). The use of Gaussian quadrature for estimation in frailty 

proportional hazards models. Statistics in medicine, 27(14), 2665-2683.  

 

Luo, S. (2014). A Bayesian approach to joint analysis of multivariate longitudinal data and 

parametric accelerated failure time. Statistics in medicine, 33(4), 580-594.  

 

Luo, S., & Wang, J. (2014). Bayesian hierarchical model for multiple repeated measures and 

survival data: an application to Parkinson's disease. Statistics in medicine, 33(24), 4279-

4291.  

 

Murphy, T., Han, L., Allore, H., Peduzzi, P., Gill, T., & Lin, H. (2010). Treatment of death in the 

analysis of longitudinal studies of gerontological outcomes. The Journals of Gerontology 

Series A: Biological Sciences and Medical Sciences, glq188.  

National Archive of Computerized Data on Aging Analyze Data Online. (2016). Hispanic 

Established Population for the Epidemiological Study of the Elderly (Hispanic EPESE) 

Series.  

 

Ortman, J. M., Velkoff, V. A., & Hogan, H. (2014). An aging nation: the older population in the 

United States. Washington, DC: US Census Bureau, 25-1140.  

 

Ottenbacher, K. J., Graham, J. E., Al Snih, S., Raji, M., Samper-Ternent, R., Ostir, G. V., & 

Markides, K. S. (2009). Mexican Americans and frailty: findings from the Hispanic 

established populations epidemiologic studies of the elderly. American Journal of Public 

Health, 99(4), 673-679.  

 

Ottenbacher, K. J., Ostir, G. V., Peek, M. K., Snih, S. A., Raji, M. A., & Markides, K. S. (2005). 

Frailty in older mexican americans. Journal of the American Geriatrics Society, 53(9), 

1524-1531.  

 

Pantazis, N., Touloumi, G., Walker, A., & Babiker, A. (2005). Bivariate modelling of 

longitudinal measurements of two human immunodeficiency type 1 disease progression 

markers in the presence of informative drop‐outs. Journal of the Royal Statistical Society: 

Series C (Applied Statistics), 54(2), 405-423.  

 

Proust‐Lima, C., Dartigues, J. F., & Jacqmin‐Gadda, H. (2016). Joint modeling of repeated 

multivariate cognitive measures and competing risks of dementia and death: a latent 

process and latent class approach. Statistics in medicine, 35(3), 382-398.  

 

Rizopoulos, D. (2011). Dynamic Predictions and Prospective Accuracy in Joint Models for 

Longitudinal and Time‐to‐Event Data. Biometrics, 67(3), 819-829.  

 



 

104 

 

Rizopoulos, D., & Ghosh, P. (2011). A Bayesian semiparametric multivariate joint model for 

multiple longitudinal outcomes and a time‐to‐event. Statistics in medicine, 30(12), 1366-

1380.  

 

Schluchter, M. D. (1992). Methods for the analysis of informatively censored longitudinal data. 

Statistics in medicine, 11(14‐15), 1861-1870.  

 

Song, X., Davidian, M., & Tsiatis, A. A. (2002). An estimator for the proportional hazards model 

with multiple longitudinal covariates measured with error. Biostatistics, 3(4), 511-528.  

 

Tang, A. M., & Tang, N. S. (2015). Semiparametric Bayesian inference on skew–normal joint 

modeling of multivariate longitudinal and survival data. Statistics in medicine, 34(5), 

824-843.  

 

Tang, N.-S., Tang, A.-M., & Pan, D.-D. (2014). Semiparametric Bayesian joint models of 

multivariate longitudinal and survival data. Computational statistics & data analysis, 77, 

113-129.  

 

Tsiatis, A., Degruttola, V., & Wulfsohn, M. (1995). Modeling the relationship of survival to 

longitudinal data measured with error. Applications to survival and CD4 counts in 

patients with AIDS. Journal of the American Statistical Association, 90(429), 27-37.  

 

Tsiatis, A. A., & Davidian, M. (2001). A semiparametric estimator for the proportional hazards 

model with longitudinal covariates measured with error. Biometrika, 88(2), 447-458.  

 

Tsiatis, A. A., & Davidian, M. (2004). Joint modeling of longitudinal and time-to-event data: an 

overview. Statistica Sinica, 809-834.  

 

Wang, C., Douglas, J., & Anderson, S. (2002). Item response models for joint analysis of quality 

of life and survival. Statistics in medicine, 21(1), 129-142.  

 

Wulfsohn, M. S., & Tsiatis, A. A. (1997). A joint model for survival and longitudinal data 

measured with error. Biometrics, 330-339.  

 

Zhang, D., Chen, M. H., Ibrahim, J. G., Boye, M. E., Wang, P., & Shen, W. (2014). Assessing 

model fit in joint models of longitudinal and survival data with applications to cancer 

clinical trials. Statistics in medicine, 33(27), 4715-4733.  

  



 

105 

 

Vita 

 

Xiao Fang was born 07 November 1986 in Bengbu, Anhui, China. She graduated from 

Nanjing University of Science and Technology with a Bachelor of Science in Optical Information 

of Science and Technology in 2010. In May 2014, she graduated from the University of Texas 

Medical Branch at Galveston with a Master of Science in Population Health Science, Biostatistics 

track. In August 2014, she began her Ph.D. in Preventive Medicine and Community Health with a 

curriculum in Biostatistics, at the University of Texas Medical Branch at Galveston. 

 

Permanent address:     2120 El Paseo St, Apt 1803, Houston, TX 77054. 

This dissertation was typed by Xiao Fang. 

 

 


